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Different approaches to using data-driven methods for subgrid-scale closure modeling of geophysical tur-
bulence have emerged recently. Most of these approaches are data hungry and lack interpretability and
out-of-distribution generalizability. Here, we use a hybrid approach that combines turbulence theory, physics-
based modeling, and data-driven methods to overcome these challenges. Specifically, we address the parametric
uncertainty of well-known physics-based large-eddy simulation (LES) closures: the Smagorinsky (Smag) and
Leith eddy-viscosity models (one free parameter) and the Jansen-Held (JH) backscattering model (two free
parameters). For various cases of two-dimensional turbulence, optimal parameters are first learned online from
data via ensemble Kalman inversion (EKI), such that for each case, the LES energy spectrum matches that
of direct numerical simulation (DNS). We quantify the uncertainties on these parameters using a modern
machine-learning-accelerated Bayesian workflow, “Calibrate, Emulate, Sample.” Only a small training dataset
is needed (to calculate the DNS spectra); i.e., the approach is data-efficient. We find the optimized parameter(s)
and their associated uncertainty for each closure to be constant across broad flow regimes that differ in dominant
length scales, eddy/jet structures, and dynamics, suggesting that these closures are generalizable. Next, we show
that the online learned constants agree with the predictions of a recent semianalytical derivation, providing
further interpretability. In both a priori and a posteriori tests that include examining the extreme events, LES
with optimized closures, especially with JH, outperforms the baselines (LES with standard Smag, dynamic
Smag, or Leith). This work shows the promise of combining advances in theory, physics-based modeling (e.g.,
JH), and data-driven modeling (e.g., online learning with EKI) to develop data-efficient frameworks for accurate,
interpretable, and generalizable closures for geophysical turbulence, with ultimate applications in weather and
climate prediction.
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I. INTRODUCTION

Climate models run at coarse resolutions (10-100 km
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critical processes such as turbulence and convection. To model
the small-scale processes, climate models rely on large-eddy
simulations (LES). The stability and accuracy of LES de-
pend on the quality of the subgrid-scale (SGS) model. These
closures, sometimes also referred to as parametrizations, rep-
resent the effects of unresolved (subgrid) processes on the
resolved (large-scale) flow in LES. For example, based on
the Boussinesq hypothesis, Smagorinsky proposed an eddy-
viscosity closure model for numerical weather prediction
that treats the SGS effects as pure diffusion [1]. A simi-
lar eddy-viscosity type model was proposed later by Leith
[2,3] to model the two dimensional (2D) or quasi-2D tur-
bulence similar to the large-scale atmospheric and oceanic
flows. Although the eddy-viscosity models succeed in ensur-
ing stability, they cannot capture the backscattering effect,
which is the energy transferred from small (subgrid) to large
scales. The backscattering effect is important in oceanic and
atmospheric circulations [4—6]. Therefore, SGS models with
backscattering have been proposed to increase the accu-
racy while maintaining stability [7-10]. However, such SGS
models often involve free parameters that are chosen empir-
ically or on a case-by-case basis, also known as “parametric
uncertainty.”

Recent advances in data-driven methods offer new av-
enues to develop better SGS closures (e.g., Refs. [11-17]).
Most studies have focused on offline (supervised) learning, in
which a closure is developed, for instance, by training neural
networks or using equation-discovery algorithms to match
the true and parametrized SGS fluxes (e.g., Refs. [18-23]).
The trained/discovered closure, once validated a priori, is
coupled to a low-resolution solver (e.g., a climate model)
for a posteriori tests. While examples of stable and accurate
SGS modeling using offline learning with neural networks
have emerged recently (e.g., Refs. [24-27]), this approach
has major drawbacks: (1) training neural networks requires
many samples of the “true” SGS fluxes, (2) these closures
are largely uninterpretable, and (3) they do not generalize
out-of-distribution (extrapolate) to other flows (e.g., higher
Reynolds numbers, Re) (see, e.g., Refs. [28-30]). Item (1)
is a major practical challenge as it requires long, expensive,
high-resolution simulations (e.g., direct numerical simula-
tions, DNS). Also, estimating the true SGS fluxes from such
data is difficult [22,31].

An alternative is online (also referred to as “end-to-end,”
“a posteriori,” or “on-the-fly”) learning: The closure is de-
veloped while it is coupled to the low-resolution numerical
solver, with the objective of matching certain statistics of the
“true” flow (e.g., from high-resolution simulations or even ob-
servations) (e.g., Refs. [32,33]). If the existing closures have
“structural uncertainties,” then neural networks can be used to
learn either the entire closure from data (e.g., Ref. [34]) or cor-
rections to physics-based closures (e.g., Ref. [35]). However,
minimizing the loss function of this approach can be prac-
tically challenging (see below); that said, promising results
with neural networks trained using ensemble Kalman inver-
sion (EKI) [36], multiagent reinforcement learning [37,38],
ensemble-based synchronization [39,40], and differentiable
modeling [41-44] have started to appear. Although this ap-
proach addresses item (1), interpretability and generalization
[(2) and (3)] remain major challenges.

One avenue for addressing (1)—(3) is to develop closures
with the appropriate structure using physical arguments (and
when needed, equation-discovery techniques [23]), and use
online learning to estimate the unknown parameters (i.e.,
addressing parametric uncertainty); see Ref. [45] for further
discussions and Refs. [12,46-49] for recent examples of suc-
cess with this approach. A major question of this approach
is whether calibrating/tuning a closure for one limited set of
metrics generalizes to performance for other metrics. Further-
more, generalization (3) requires the estimated parameters to
be universal constants (or at least nearly invariant within the
flow regimes of interest). These questions, even for canonical
test cases, remain to be fully investigated. They are the subject
of the current study.

To achieve quantitative parametric uncertainty in the
context of modern learning algorithms, we embed an EKI op-
timizer within an approximate parametric uncertainty pipeline
known as “Calibrate, Emulate, Sample” (CES) [50]. This
three-stage process first applies an ensemble Kalman method
(here, we use EKI). The EKI is not just used for optimizing
parameters; instead, all evaluations are collected and used
as training pairs for an emulator (here, we use a Gaussian
Process) (e.g., Refs. [33,51,52]). Finally, this emulator is fed
into a sampling method [here, we use the Markov Chain
Monte Carlo (MCMC) method] for parametric uncertainty
quantification. The motivation of such an algorithm is to
overcome the well-known underestimation of uncertainty in
ensemble optimizer approaches (“ensemble collapse™), to re-
duce the high computational cost of sampling and to ensure
good accuracy of the emulator during sampling. It should
be mentioned that, though specific algorithmic choices must
be made, generalization to other ensemble optimizers (e.g.,
Kalman variants, hybrid ensemble-variational methods, etc.),
statistical emulators, or samplers, can be made. CES has been
successfully applied in the context of Earth system modeling
to develop a variety of closures online [11,53-56].

In this paper, we aim to answer the interpretability and gen-
eralization questions of SGS models for seven setups of 2D
homogeneous isotropic turbulence, plus one that includes a
planetary vorticity gradient (8-plane effect), which are canon-
ical models for many geophysical flows (e.g., Refs. [5S7-60]).
We estimate the parameters of two classical eddy-viscosity
closures (Smagorinsky and Leith) and a new backscattering
closure [8] online using EKI and by matching the energy
spectrum of LES with that of a short DNS (truth). We use
the EKI iterations within CES to further learn the parametric
uncertainty. The LES with EKI-optimized parameters, which
are found to agree with a recent semianalytical model for these
parameters [61], are then examined in terms of enstrophy
spectra, interscale transfers, and probability density functions
of vorticity, especially at the tails (extreme events).

II. DATA AND METHODS
A. DNS and LES of 2D turbulence

We use seven setups of 2D homogeneous isotropic turbu-
lence, plus one that includes a planetary vorticity gradient
(B-plane effect). The dimensionless governing equations in
the vorticity (w) and streamfunction () formulation in a
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TABLE I. Top: Physical and numerical parameters of the total 8 cases. Bottom: EKI-optimized and semianalytically-derived parameters
(uncertainties are shown in Table II). The value of A is diagnosed from the inertial region of the DNS turbulent kinetic energy (TKE) spectrum
for each case. The semianalytical values C? malytieal | cAmaytieal o pnd C}:’flylical are given by Egs. (6), (7) and (8), and C;™""“ is chosen to be the
same as CEX! for JHL for direct comparison.

Case 1.1 1.2 1.3 1.4 2 3.1 3.2 3.3
Re 20 000 20 000 100 000 300 000 20 000 20 000 100 000 300 000
ky 4 4 4 4 4 25 25 25

B 0 0 0 0 20 0 0 0
Noxs 1024 1024 4096 4096 1024 1024 4096 4096
Nigs 32 64 256 256 64 256 256 256

A 1.87 1.87 1.85 1.81 2.48 1.88 1.77 1.79
CEXI 0.12 0.12 0.11 0.12 0.10 0.12 0.12 0.10
caried 0.13 0.12 0.11 0.12 0.10 0.11 0.12 0.12
CEXI 0.23 0.25 0.26 0.24 0.21 0.24 0.23 0.21
chrabied 0.23 0.23 0.23 0.24 0.20 0.23 0.24 0.24
CEXI CEKI 023,096 022,095 021,095 021,095 020,094 022,094 023,095  0.21,0.96
CEKI CEKI 034,095 032,095 033,094 030,094 031,096 032,095 032,094 031,093
Cppviedl chnavtial 35 095 034,095 033,094 033,094 031,096 033,095  0.34,0.94 0.33,0.93

JHL > ~B
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Here, N is the Jacobian, f(x,y) = ky[cos (kpx) + cos (kry)]
is a deterministic forcing, and r = 0.1 is the linear drag coef-
ficient (e.g., representing surface friction); g8 is the gradient
of the Coriolis parameter. We study eight cases, in which
Reynolds number (Re), forcing wavenumber (ky), and B have
been varied (Table I), creating a variety of flows that differ in
dominant length scales and energy/enstrophy cascade regimes
(see Fig. 1). For DNS, which is treated as the truth, Eq. (1)
is solved at high spatial-temporal resolutions (N]%NS X AftpnNs,
where Npns is the DNS resolution in one direction and Atpns
is the DNS simulation time step size), using a Fourier pseu-
dospectral solver (see Ref. [21]). The LES equations are
derived by applying a low-pass filter (e.g., sharp cut-off),
denoted by (-), to Eq. (1):

dw 14

ot +N@ ) _ReV o= f-rotp ox

— [N(w. ¥) = N@. ).
]_[SC'S=V><(V-ISGS)
VY = —w. )

Solving these equations needs much coarser resolutions
(NfES x 10AtpNs, where N gs is the LES resolution in one
direction). In this work, Npns/Nigs is between 4 and 32
(Table I). The SGS term, 1568 or 7568, requires a closure.

Physics-based closures with parametric uncertainty

Eddy-viscosity closures are “functional” models that as-
sume the net effect of the SGS term is dissipation of the
resolved scales: 7595 = —21,8, where S is the rate of strain
of the resolved flow and v.(x,y,t) is the eddy viscosity
[62]. For 2D turbulence, the Smagorinsky model [Smag:

Ve = (CsA)*(S*)'/2, A = L/Nigs] [1] and the Leith model
[Leith: v, = (CLA)*((V@)?)'/?] [3] are often used in practice,
with Cs and Cp, being model parameters to be determined ((-)
means domain averaging). For 3D homogeneous isotropic tur-
bulence, a constant Cs = 0.17 was analytically derived from
the energy spectrum scaling [63,64]. Empirically, it was found
that 0.17 leads to the best a priori performance [65]. For 2D
turbulence, no analytical or empirical estimate existed for Cg
or Cr, and trial and error was often used to select a value [18]
until very recently, when a semianalytical estimate for Cs and
Cp. was presented in Ref. [61]. For both closures, C can be also
determined dynamically (DSmag, DLeith) from the Germano
identity [6,66,67]. However, this procedure can lead to v, < 0
(backscattering) and unstable LES. While capturing backscat-
tering is desirable (see below), in practice, DSmag and DLeith
are used with “positive clipping,” which enforces v, > 0 and
makes the closure more diffusive (thus less accurate) in favor
of stability.

To capture backscattering, which can be important in many
flows [62], including oceanic and atmospheric circulations
[4-6], backscattering closures have been developed that, for
example, inject a fraction of the dissipated energy back to the
resolved scales. Here, we use the recently developed closure
of Jansen and Held [8] (JH, hereafter), which has been applied
to oceanic and quasigeostrophic turbulence [9,26]. The JH
closure is

5% = V21, V@) + V2@,

vy = —Cp (¥ V> (0, V’®)) /(¥ V), 3)
where the first term is biharmonic eddy viscosity and the
second term represents backscattering with antidiffusion. Cg
determines how much of the globally dissipated energy is fed
back into the resolved scales. v, can be determined in the same
way as in Leith [8] or Smag [9,26]. Like Cs and Ci, Cp is an
empirically determined parameter that is expected to be O(1)
to balance the forward transferred and backscattered energy.
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FIG. 1. The TKE spectra (loglo(E (k))) and examples of w for each case. The forcing wavenumber k; and cut-off wavenumber k. are
marked. The black (blue) lines show DNS spectra averaged over all 100 (first five) snapshots in the training set. With a sharp-spectral cut-off
filter, the FDNS spectrum, which is used as the target in Eq. (4), overlaps with the DNS spectrum over k = [0, k.].

JH showed that in general, Cg > 0.9, and used 0.9 in their
research [8].

Here, we focus on four closures: Smag, Leith, JH-Smag
(JHS), and JH-Leith (JHL). We estimate, as described below,
their one or two constant parameters C for each case. For
JHS and JHL, we define v, in similar ways as in Smag/Leith
[8,9,26] but choose the power of CA consistent with the di-
mension of the biharmonic: v, = (CygsA)*(S?)!/2 (JHS) and
Ve = (Cru. A (V2@)?)'/2 (JHL). Note that to be consistent
with other implementations, unlike JH14 or JH1S5, we use
domain averaging in the calculation of v!“. Here, like Cs and
CL, parameters Cyys, Cygr, and Cg are dimensionless.

B. Calibrate, emulate, sample
for online learning

The full CES framework applied in this work is depicted
in Fig. 2. We estimate the optimal C parameter(s) (e.g., Cs,
Ci, Cigs, CigL, Cp) of a closure by matching the TKE spectra
(E (k)) of the filtered DNS (FDNS) and of the LES with that
closure (we have also explored matching enstrophy spectra
Z(k) = k2E (k) (see Sec. IV). More specifically, we minimize
the following loss function with respect to the C value(s):

L= {In(EFPNS) — In(E™"S), Ty n(EFPNS) — In(EV59))],
“)

where {, } is the Euclidean inner product (dot product of two
vectors whose elements are indexed by wavenumber k), ['epns
is the covariance between wavelengths in In(EPNS), and
k= (kf + kf,)l/ 2 is the wavenumber.

To obtain the FDNS data and to construct the training
and testing datasets, we apply a low-pass sharp-spectral fil-
ter with cut-off wavenumber k. = L/(2A) = Npgs/2 to each

DNS snapshot. Therefore, for each case, the FDNS spectrum
matches that of the DNS up to k. (Fig. 1). Here, we use the
sharp-spectral filter for two reasons: (1) the FDNS spectrum is
exactly the same as the DNS spectrum up to k., and therefore
the EKI-optimized parameters can be compared with our new
semianalytical derivation [61] (also see Table 1), and (2) offline
learning has been found unable to learn from FDNS data with
the sharp-spectral filter [21,24], which is a key advantage
of online vs offline learning in SGS modeling. It should be
noted that the choice of filtering is not exclusive. Online
learning with CES can work with training data obtained from
a Gaussian filter or a Box filter. In such cases, however, the
EKI-optimized and the semianalytically-derived parameters
are expected to be different than the ones obtained in this work
using the sharp-spectral filter. E (k) and Tppns in Eq. (4), the
only information from DNS needed for training, are calculated
by averaging the E (k) profiles over 100 decorrelated FDNS
snapshots to obtain a reliable estimate (see the Supplemental
Material for more details [68]). The DNS length for this num-
ber of FDNS snapshots is within the “small data” regime for
these cases and not enough for offfine training of an accurate
and stable network-based closure [offline training typically
requires O(10%) DNS snapshots] [21,24]. The computational
costs comparison between DNS, LES, and EKI is included in
Table III of the Supplemental Material [68]. Note that because
E (k) is rather invariant for flows in statistical equilibrium,
we could have used an even shorter DNS from each case,
as E (k) spectra averaged over just the first 5 DNS snapshots
(i.e., a 20x shorter DNS) are virtually indistinguishable from
those calculated from all 100 snapshots (see Fig. 1), and
the optimized parameters are within 1% difference. If other
statistics, such as intermittency, were used as the optimiza-
tion target, they may not remain the same with a smaller
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Large-Eddy Simulation (see Sec: I1 A)

Pseudo-spectral solver

_____________________________________________

Calibration Update L 4

! ‘.

i Emulator Sampling | !

1 | Gaussian process (see Sec: 11 B) MCMC (sce Sec: 1 B)| !
Ensemble 1 ~ o ] 7
converges Optimized coefficients + UQ

\ 4

LES with optimized coefficients

ensemble

EKI (see Sec: 11 B)

LES statistics
TKE spectra (see Sec: 11 B)

Smagorinsky, Leith, Jansen-Held (see Sec: IT A)

\ 4

Loss
(see Eq. (4))

Target statistics
FDNS TKE spectra (see Sec: 11 B)

Prediction
LES statistics (see Sec: I1I)

FIG. 2. The schematic of the CES framework with EKI to estimate the closure parameters with uncertainty. Briefly, first, for a given case
and closure, an ensemble of C values is generated by drawing 10 times from a Gaussian distribution (see the Supplemental Material [68]).
For each C value(s), a long-enough LES is performed and the mean TKE spectrum of this ensemble member is computed. Then the loss is
calculated against the target (FDNS spectrum) for each ensemble member. EKI is used to update the C values, and this process continues until
the ensembles converge, which usually happens in 10 or fewer epochs (a typical convergence trend is shown in Fig. 1 of the Supplemental
Material [68]). For uncertainty quantification, all parameters and their corresponding statistics from all epochs are used to train a Gaussian
process emulator. This fast emulator is used for uncertainty quantification with MCMC.

dataset. However, here we find that the energy spectra are
sufficient to learn closures that capture many other statistical
properties of the flow, including those of the rare, extreme
events of vorticity. Whether these findings hold for more
complex systems and other variables remains to be investi-
gated (though the closure model only provides coarse-grained
feedback on the large-scale resolved flow).

Minimizing loss functions such as Eq. (4) requires
performing LES during the optimization process. While tra-
ditional data assimilation methods, such as four-dimensional-
Variational algorithms (e.g., Ref. [69]), rely on gradient
descent, which requires the explicit calculation of an adjoint
model, derivative-free techniques such as EKI [70-72] can
be used with any solver, which may not be differentiable. In
this type of approach, optimizing the model parameters C is
framed as maximizing the posterior probability, obtained by
combining prior assumptions with data:

e L

P(C | In(EFPNS), Mpns) = .
Z(In(ETPNS) Tepns)

Pprior (C),
)

where £ is the loss as in Eq. (4), ¢(In(EFPNS), Ippns) is a
normalizing constant, and Ppyio(C) is the prior probability
density of C (initial assumptions about the possible values of
(). Here, as L is a weighted quadratic term, the distribution
of e~ is Gaussian.

To a broader discussion, EKI is one of the family of
ensemble Kalman methods, which are in turn part of a fam-
ily of ensemble data-assimilation methods that have been
repurposed to solve inverse problems. In related investiga-
tions [73-75], a hybrid ensemble-variational method [76] was
successfully applied for learning turbulence closure param-
eters. In practice, ensemble data-assimilation methods may

differ in applicability or scalability, but across many problems
may give similar performance, as observed, for example in
Ref. [76]. While we have used EKI, we could have used any
data-assimilation-based approach; note that these approaches
are preferred over alternative classes of derivative-free meth-
ods such as search methods (e.g., grid search, random search
[77]) or metaheuristics [78], which are well known to require
high numbers of function evaluations and suffer from curse of
dimensionality (e.g., Ref. [79]).

Unlike most other ensemble data-assimilation methods,
ensemble Kalman approaches also enjoy a quickly growing
mathematical literature (e.g., Ref. [80]) that has led to several
improved algorithmic variants and features seen in modern
software packages (e.g., Ref. [81]), including adaptive time
stepping, regularization, sampling-error correction, and ac-
celeration, to improve convergence and reduce computational
resources, which could be important for scaling up to complex
weather and climate models.

In addition to optimization/calibration, we are also in-
terested in quantifying the uncertainty of the posterior
distribution [Eq. (5)]. In Ref. [73], the authors used the empir-
ical covariance of the particles to approximate the covariance
of the posterior distribution of C. We did not follow this
approach for two reasons: (1) EKI particle spread is often
overconfident (“ensemble collapse”) and therefore is not suit-
able for uncertainty quantification without careful inflation
procedures (e.g., ensemble Kalman sampler [82] or affine in-
variant interacting Langevin dynamics [83]), and (2) ensemble
samplers typically require orders of magnitude more LES runs
to converge than ensemble optimizers.

Instead, we obtain an approximate uncertainty quantifica-
tion by following the approach of CES [50], which performs
sampling (with the MCMC method) using an emulator trained
on the EKI trajectories (all LES results during the EKI train-
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TABLE II. Uncertainty of EKI-optimized parameters for all eight cases is obtained using the MCMC method in the CES framework.

Case 1.1 1.2 1.3 1.4

CSEKI 0.012 0.010 0.0041 0.0082
CEX 0.032 0.028 0.028 0.025
CJEﬁ(SI, CSKI 0.018, 0.012 0.010, 0.010 0.0044, 0.013 0.0074, 0.013
CJElfLI, CEKI 0.019, 0.012 0.0095, 0.010 0.0043, 0.013 0.0064, 0.013
Case 2 3.1 3.2 3.3

CSEKI 0.012 0.008 0.011 0.015
CEX 0.015 0.026 0.024 0.035
CEXI, CEX! 0.0096, 0.012 0.0039, 0.012 0.0057, 0.012 0.0024, 0.012
CJEHI?, C]];KI 0.014, 0.013 0.0051, 0.011 0.0036, 0.013 0.0099, 0.0098

ing process). The emulator both accelerates and smooths the
sampling, and is trained on well-chosen points around the
posterior mode (all the non-blow-up LES data obtained from
the EKI process; see e.g., Fig. 1 in the Supplemental Material
[68]). During this stage, no further LES runs are required.

In addition to TKE spectra (E(k)), other statistics, such as
mean shear stresses, can also be used as targets [73] in the
loss function [Eq. (4)]. Here, we find that using TKE spectra
as the target provides the best performance and interpretation
as it is directly related to our newly proposed semianalytical
derivation [61]. To quantify the uncertainty of the estimated C
value(s), we employ the CES framework [50]. The framework
is well established and now available as a software [84].

III. RESULTS

A. Online-learned parameters

Table I shows the EKI-optimized constant parameters of
Smag, Leith, JH-Smag, and JH-Leith for all eight cases. Ta-
ble IT shows the corresponding uncertainty for each parameter.
The reported values in Table II are the posterior uncertainties
associated with the estimated parameters, obtained from the
Markov-Chain Monte Carlo sampling procedure. These val-
ues correspond to the standard deviations (credible intervals)
of the posterior distributions. The C£*! is around 0.12 and the
same for all cases [within the ((0.01) uncertainty]. This value
is smaller than the analytical and empirical value of 0.17 often
used based on previous work with 3D homogeneous isotropic
turbulence. As shown below, the EKI-optimized value leads to
significant improvements in a priori and a posteriori metrics
over Smag with Cs = 0.17 (Smag-0.17). The CFX! is around
0.24, and again, the same for all cases [within the estimated
uncertainty 0(0.01)]. CEX! and Cjif! are also found to be
similar across all cases and around 0.215 and 0.32, respec-
tively. The backscattering parameter CEX! is the same across
all cases and around 0.95, which is between unity and the
previously used value of 0.9. In summary, across these eight
cases, Cs, Cr, Cjus, Cyur, and Cg in these four closures are
found to be nearly constant. Later in Sec. III B, we compare
these parameters with those estimated from a semianalytical
derivation [61], which sheds light on this near universality in
the constant value.

For baselines in the a priori and a posteriori tests, we
conduct LES with TT59S parametrized using Smag-0.17 and
using DSmag and DLeith (with positive clipping) imple-

mented following recent studies [24,85]. LES with these three
“baseline” closures and with the four EKI-optimized closures
are conducted for each case. Each LES run is 100x longer
than the duration of the DNS used for the training dataset.
As discussed below, for a priori tests, we compare the total
energy and enstrophy interscale transfers among these clo-
sures and FDNS. For a posteriori tests, we compare the
enstrophy spectra and vorticity probability density functions
from LES with different closures and from FDNS.

The global energy and enstrophy transfers are (Pg) =
(ITS9S4yr) and (Pz) = (IT5%S@), respectively [24,86]. Here,
(Pg) or (P7) is positive for forward transfer (energy/enstrophy
moving to SGS from resolved scales) and negative for
backscatter (moving to resolved scales from SGS). (Pg) and
(Pz) from FDNS and LES for representative cases (1.1, 1.4,
2, 3.3) are shown in Fig. 3 (values for all cases are reported
in Supplemental Material [68]). It can be observed that for
all cases, JHS and JHL have the best agreement with FDNS,
and for half of the cases, the values of (Pg) and (P;) closely
match those of FDNS. Exceptions are Cases 1.2, 1.3, 1.4,
and 3.1, for which JHS and JHL underpredict (Pg) by a
factor of 2-3; however, they still significantly outperform the
optimized Smag and Leith and the baselines, which overpre-
dict (Pg) by 1 and even 2 orders of magnitude (thus, these
closures are too diffusive). The gain from optimization can
be isolated by comparing Smag and Smag-0.17: The former,
which uses Cs = 0.12, consistently outperforms the baseline
in both (Pg) and (P7) (often by a factor of 2-5, or even
larger). Error bars are included in Fig. 3 for EKI-optimized
models to show the credible intervals. The uncertainties in
(Pg) and (Pz) predictions result from the uncertainties in
EKI-optimized parameters (Table II). Next, we examine the
enstrophy spectra, Z(k), and the probability density function
of vorticity, P(w). Figure 4 shows Z(k) for representative
cases. Smag-0.17 and DSmag, consistent with (Pz) in Fig. 3,
have excessive enstrophy dissipation and underpredict, by
about an order of magnitude, Z(k) compared to FDNS at the
smallest scales. Among the baselines, DLeith performs the
best in matching the FDNS, but it is still not comparable to
EKI-optimized models. All the EKI-optimized closures work
well in matching the FDNS Z (k), which is not surprising given
that their target was TKE spectra [E (k)]. The one exception is
Case 3.3, where only optimized JHS and JHL closures (and to
a lesser degree Leith) can match the FDNS Z(k) in the largest
scales (small k).
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FIG. 3. Interscale transfers in representative cases calculated a priori for the same FDNS samples (note the logarithmic scale). EKI-
optimized closures (JHS, JHL, Smag, and Leith) are compared against baselines (DSmag, DLeith, and Smag-0.17) and the truth (FDNS).
The error bars on JHS, JHL, Smag, and Leith show the uncertainty in the interscale transfers due to the uncertainty of the EKI-optimized
parameters. Values for all eight cases are shown in Tables I and II of the Supplemental Material [68].
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FIG. 4. Enstrophy spectra (Z) from FDNS and LES for representative cases (see the Supplemental Material for other cases [68]). The insets
magnify the high k part of the spectra.
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mental Material for other cases [68]). The insets close up into the left tails. A kernel estimator with a bandwidth of 1 is used to generate the

probability density functions.

Figure 5 shows the probability density function [P(®)]
for representative cases. Except for Cases 1.3 and 1.4 for
which LES with all closures match the FDNS P(@) well
(down to the tails), for all other cases, LES with optimized
JH closures clearly outperform the baselines and optimized
Smag and Leith in matching the FDNS P, especially at the
tails (rare, extreme events). In fact, except for Case 1.1, which
involves the largest Npns/NLgs = 32, LES with optimized JH
matches the FDNS P well. LES with optimized Smag and
Leith also outperform the baselines (see, e.g., Sec. 3.3), al-
though for Cases 1.1, 1.2, and 3.1, DLeith shows comparable
performance.

B. Comparison with semianalytical estimates

To fully understand the EKI-optimized parameters, we
compare the online-learned estimates with predictions from a
semianalytical derivation that was recently introduced in Guan
and Hassanzadeh [61]. The semianalytical derivation uses the
interscale enstrophy transfer n = (®IT) [24,86] and the TKE
scaling law E (k) = An*3k—3 [2,87,88] to obtain

Cs = (A*/2) ™ 7z (In(k, )™/, ©6)

CL = 1/(wA'?), (7

and
Cr = (A/2) 4771 (1 — Cg/In(k,))~"/°. ®)

A in these equations can be obtained by linearly fitting
the scaling law in the inertial region ([k; + 1,k.]) of the
TKE spectra from a few DNS snapshots (see Table I for
the estimated values). In the fitting process, n is obtained
by averaging the value for the FDNS snapshots. The near
universality of the online-learned Cp, Cs, and Cjy can be
explained by the consistency in A ~ 1.8-1.9 across most
cases (except for Case 2) and the weak dependence on k.
[see Egs. (6) and (8)]. The value of A for 2D homogeneous
isotropic turbulence here is close to the one predicted using the
renormalization-group analysis, i.e., A = 1.923 (e.g., Refs.
[89,90]). In fact, for most 2D homogeneous isotropic turbu-
lence, A is found empirically to be around 1.0-2.0 [57,91-
94]. The difference in A for Case 2 is likely due to the 8
effect and the resulting strong anisotropy. Nevertheless, once
A is determined, e.g., empirically using only the TKE spec-
tra of a few DNS snapshots, the semianalytical derivation
can be used to estimate the model parameters. Furthermore,
the consistency between the EKI-optimized parameters and
the semianalytical prediction within O(0.01) uncertainty sug-
gests that these parameters are learned from data such that
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they match the enstrophy interscale transfer () of LES
to FDNS.

IV. SUMMARY AND CONCLUSION

We use the CES framework with EKI to learn online the pa-
rameters of four well-known physics-based models for seven
setups of 2D homogeneous isotropic turbulence, plus one
that includes a planetary vorticity gradient (S-plane effect),
and interpret them with a new semianalytical derivation. As
summarized below, we demonstrate that this approach is data
efficient, generalizable, and interpretable, and further helps
with gaining insight into the physics of turbulence modeling.

The objective of the learning process is to match the TKE
spectrum £ (k) of LES with the optimized closure with the
spectrum of FDNS. The latter can be obtained from a short
DNS run, making the approach data efficient. Note that we
have also explored using the enstrophy spectrum Z(k) of
FDNS as the target for learning Cs and Ci. for Case 3.1, and
found similar constant parameters (1.2 vs 1.3 and 2.4 vs 2.4),
which is not surprising given the simple relationship between
Z(k) and E (k). The estimated parameters of each closure are
found to be nearly constant across the eight cases, suggest-
ing that the optimized closures are generalizable. We further
analyze these parameters using turbulence theory and scaling
analysis and verify that the parameters are optimized to match
the FDNS interscale enstrophy transfer. Such analysis pro-
vides further insight into these already interpretable closures.
Furthermore, this comparison also provides further support
for the semianalytical derivation, which involves several as-
sumptions and simplifications. The semianalytical derivation
has its own significance: To calculate the model parameters,
e.g., Cs, Cp, and Cyy, it only requires estimating A from a
short high-resolution simulation, without any deep learning
or online learning techniques.

A number of metrics are used to quantify the performance
of the optimized closures. The a priori metrics involving mean
interscale energy and enstrophy transfers (between the SGS
and resolved flow) show major improvements resulting from
optimization. In particular, the backscattering models (JHS
and JHL) demonstrate significantly better ability in capturing
these transfers compared to baselines and optimized eddy-
viscosity models. A posteriori tests, focused on examining

the enstrophy spectra at the largest and smallest length scales
and the tails of the vorticity probability density functions,
again show major improvements gained from the optimiza-
tion. Overall, the optimized eddy-viscosity closures are found
to work well (and better than the baselines) except for cases
in which the LES resolution is low compared to the forcing
length scale (i.e., small k./ks). For such cases, the eddy-
viscosity closures have structural errors, and optimization
alone (which only addresses parametric errors) cannot further
improve the LES. The JH closure, on the other hand, leads
to LES that matches FDNS closely based on all metrics and
for all cases, further showing the importance of combining
theoretical advances and data-driven techniques to develop
data-efficient frameworks for accurate, interpretable, and
generalizable closures.

The next steps in this work should include exploring cases
with more extreme regimes (e.g., higher Re) and different dy-
namics, and investigating more complex test cases (e.g., ocean
general circulation models). The objectives will be to examine
the performance and scalability of the framework, as well
as gaining further physical insight through the semianalytical
model. Furthermore, the applicability of the CES framework
to using experimental or noisy data as target/reference should
be explored. It is expected that the framework performs well
as long as the key statistics (to be matched by the subgrid-
scale model of LES) extracted from the data are largely
invariant in time.
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