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ABSTRACT: This paper presents a physics-constrained neural differential equation framework for parameterization and
employs it to model the time evolution of seasonal snow depth given hydrometeorological forcings. When trained on
data from multiple SNOTEL sites, the parameterization predicts daily snow depth with under 9% median error and
Nash-Sutcliffe efficiencies over 0.94 across a wide variety of snow climates. The parameterization also generalizes to
new sites not seen during training, which is not often true for calibrated snow models. Requiring the parameterization
to predict snow water equivalent in addition to snow depth only increases the error to ~12%. The structure of the ap-
proach guarantees the satisfaction of physical constraints, enables these constraints during model training, and allows
modeling at different temporal resolutions without additional retraining of the parameterization. These benefits hold
potential in climate modeling and could extend to other dynamical systems with physical constraints.
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1. Introduction

Seasonal snowpacks help regulate Earth’s energy balance,
provide freshwater storage, and are crucial for understanding
Earth’s climate. They hold economic and ecological signifi-
cance, supplying a majority of the western United States’ (and a
sixth of the world’s) water supply and influencing agriculture,
flood, drought, and avalanche hazards (De Michele et al. 2013;
Gao et al. 2021). Their seasonal importance and susceptibility to
climate change emphasize the need for ongoing modeling and
monitoring on both seasonal and multidecadal time scales.

Modeling the evolution of seasonal snow for regional or
global climate applications offers a challenging problem of
scales; it is the bulk properties of the snow (albedo, snow-cover
fraction, snow temperature, and snow water content) that are
critical, yet microphysical and location-specific processes con-
trol these properties and must be taken into account. The most
detailed models represent vertically resolved snowpacks, in-
cluding liquid percolation, phase changes, metamorphism ef-
fects, and other types of compaction; they are often calibrated
and used on the site level (e.g., De Michele et al. 2013). Models
used in global climate simulations range in complexity from
single-layer/bulk models to multilayer models with parameter-
izations for bulk properties that are calibrated with observa-
tional data (Menard et al. 2021); the horizontal resolution of
these models is typically ~10-100 km where microscopic pro-
cesses cannot be tractably resolved. While the laws of physics
ultimately govern the evolution of snowpacks, uncertainty in
how to relate essential but unresolved small-scale processes to
snowpack bulk properties on the spatial scales of global models
makes developing snow models a challenging task (Kapnick
et al. 2018; Bair et al. 2018). This challenge is exacerbated by
data availability (Menard et al. 2021; Kouki et al. 2022).
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Among bulk variables in global snow models, the snow
water equivalent (SWE) (m) represents the total water storage
in snow. It relates to the snow depth z (m) through the bulk
snow density pegow (kg m ™) and the density of liquid water
Pwater (1000 kg m™3) as

SWE = (psnow/pwater)z' (1)

It is typically used as a prognostic variable in bulk models
for determining snowpack mass balance. Density and depth
are critical in climate models for determining the snowpack
energy balance, as they influence thermal, mechanical, and op-
tical properties, impacting mass/energy fluxes, water retention,
and spring thaw (Kouki et al. 2022; Bormann et al. 2013).
However, for a given SWE, the snow depth and bulk density
can vary considerably over time at a single location, or between
locations under similar forcings, due to compaction, melt/
refreeze cycles, and changes in the density of falling snow.
These variations give rise to ongoing challenges in snow
modeling.

Many prevalent snow models rely on the seminal parame-
terizations of Kojima (1967) and Anderson (1976) to derive
snow density and depth from modeled SWE. These works
modeled compaction and microstructure metamorphism by
assuming a linear relationship between the strain rate of com-
paction and the weight of the overlying snow, suggesting em-
pirical parameterizations that were calibrated from a select
number of observational sites and laboratory experiments
and analytically extended. Models such as Snowl17, iSnobal,
Noah/Noah-MP, CLMS5, and HTESSEL (Anderson 2006;
Marks et al. 2018; Niu et al. 2011; Lawrence et al. 2019; Dutra
et al. 2010; Menard et al. 2021) all employ this simplified for-
mulation based on small-scale representations for snow evolu-
tion; thus, it is integral to most current U.S. and European
global snow predictions.

However, these parameterizations were primarily devel-
oped for the hydrological community instead of Earth system
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models, and their calibration to prioritize accurate SWE and
subsequent local runoff induces a trade-off in density/depth er-
rors. Such errors impact the snowpack energy balance, which is
as crucial as mass balance in global climate simulations (Diro
and Sushama 2018; Xu and Dirmeyer 2011), and snow depth er-
rors remain problematic in climate predictions (Menard et al.
2021). The inadequacy for energy tracking in these formula-
tions has been recognized for decades and spurred the develop-
ment of more detailed and realistic alternatives such as
CROCUS or SNOWPACK, which evolve the metamorphism
of snow microstructure (Vionnet et al. 2012; Lehning et al.
2002; Brun et al. 1989). While these complex models address
the limitations of Anderson’s and Kojima’s original formula-
tions, they require site-specific calibration and struggle with
computational scalability for global applications. This necessi-
tates more efficient representations for global models that can
accurately predict snow depth/density. With the push toward
even finer localized (1-10 km) land modeling, simple yet accu-
rate models are increasingly essential for computational effi-
ciency (Clark et al. 2015; Schir et al. 2020; Ban et al. 2021).

Advances in computing and sensing technology have led to
initiatives in data assimilation and machine learning (ML)
aimed at disrupting long-standing parameterizations. Today, ex-
tensive snow depth observations surpass the resolution and pre-
cision of SWE and density data/estimates (Fontrodona-Bach
et al. 2023; Bruland et al. 2015). Improving snow models with
these resources has become a dominant avenue of hydrology
research, with a bias toward SWE modeling, like incorporating
remotely sensed depth into iSnobal to infer SWE (Hedrick et al.
2018). Several ML models (e.g., Bair et al. 2018; Meloche et al.
2022; Duan et al. 2024; Steele et al. 2024) predict SWE or depth
from meteorological and topographical inputs in specific re-
gions. Such models show satisfactory snowpack estimation but
frequently yield errors over 15% when tested, especially be-
yond their training or calibration locations (Meloche et al. 2022;
Ebner et al. 2021; Viallon-Galinier et al. 2020). The ability of
these empirical models to generalize to new locations or future
climates and act as a universal model is limited, and their statis-
tical or black-box nature does not inherently respect physical
constraints, impeding their integration into land models
(De Michele et al. 2013; Gao et al. 2021). Combining depth
observations and ML techniques to improve depth/density pa-
rameterizations has the potential to lead to improved simulation
of key variables, benefiting global climate modeling. Capitalizing
on this opportunity demands a representation that can generalize
to many snowpacks and integrate with existing large-scale
models.

This work presents a novel hybrid approach to parameteriza-
tion, combining physical principles with empirical modeling that
structurally guarantees compliance with prescribed bounds (e.g.,
physical consistency or conservation conditions). We showcase
its utility in designing an alternative parameterization for snow
depth, with ramifications for global climate and seasonal sim-
ulations. We also create a quality-controlled dataset for snow
modeling and make it publicly available. Learning physically
informed representations from observational data across many
locations enables robust performance that can generalize to
new locations without recalibration. The customizability of the
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approach permits straightforward adaptation to different
operational requirements and constraints, demonstrating addi-
tional capabilities with minimal adjustment. This offers a flexi-
ble, efficient, and scalable framework that is adaptable as the
field evolves. The proposed approach exhibits a versatile means
for enforcing (or learning) any function-based threshold on an
optimizable model without modification of the training metrics,
which can contribute to contemporary global snow modeling as
well as other physics/ML hybrid models.

2. Methodology
a. Overview

Our model choices leverage ML for seasonal snow simula-
tion in climate models, prioritizing generalizability and com-
putational efficiency. Contemporary paradigms in hydrology
research focus on parameterizing SWE from z and other data
to constrain its value over global grids. However, within global
climate models, SWE evolution is already well constrained by
explicitly implemented physical laws enforcing mass conserva-
tion and relatively well-understood fluxes such as sublimation,
precipitation, and melt. The subsequent conversion of simu-
lated SWE to variables like z or ps,ow is typically left to long-
standing parameterizations. These parameterizations can be
precalibrated offline prior to use in a snow model or are often
further tuned “online” within a snow model. The data used for
calibration can be indirect (non-SWE data), such as energy
and water fluxes or land surface albedo, or be direct measure-
ments of snow depth or density, or even gridded SWE estimates.
The resulting global simulations are sometimes employed in re-
fining gridded SWE for calibrating other models, creating circular
estimation and biases.

Given the relative abundance of observations of snow depth
z alongside additional snow variables, this instead justifies pa-
rameterizing z (from physics-constrained SWE) as an alterna-
tive to established formulations to address these limitations,
so that tighter relationships can be determined and evaluated
on the basis of direct, high-quality data. By using primary
observational data instead of assimilated/reanalysis data, this
approach can avoid biases and inaccuracies, ensuring more
faithful representations of the underlying processes.

We model the rate of change in snowpack height (m s 1)
by an ordinary differential equation (ODE) represented by
an artificial neural network M:

dz

o= M(z, SWE, ¢, R, v, Ty Py, @)

where SWE is the snow water equivalent (m), ¢ is the relative
humidity (between 0 and 1, the used data are measured with
respect to liquid water), R is the broadband solar radiative en-
ergy flux (W m™?), v is the wind speed (m s™'), T, is the air
temperature (°C), and Pg,ow 18 the liquid water—equivalent rate
of snowfall (m s™'). The 1D column approach permits applica-
tion over any spatial grid. The chosen input variables only indi-
rectly encode location and time dependencies through the
environmental input variables, allowing the model to func-
tion in areas where topographical or temporal information
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FIG. 1. Structure of the model’s predictive component. Blue lines
indicate a trainable linear transformation of the input (of k scalar
variables), including a bias. Colors indicate the activation function
used upon collection at the node (ReLU = rectified linear unit;
ELU = exponential linear unit; Id = identity), as noted in the leg-
end. The hyperparameter n sets the width of the internal mixing
layer.
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is unavailable. This choice aims to enable learning about uni-
versal linear and nonlinear physical processes that apply inde-
pendent of time, season, and location. Using a feed-forward
neural network dependent only on the current system state
aligns with land surface models, as it matches the differential
equation format used for other variables. This model is also
adaptable for different applications or when SWE is unavail-
able (see sections 2b and 3e).

b. Model structure

The model M consists of two components. The first is a
“predictive” network with trainable weights to generate a dz/dt
prediction (Fig. 1). For computational simplicity, only two hid-
den layers were used, which can also be interpreted as a regres-
sion on once-transformed features, with the transformational
layer width set by the hyperparameter n scaled by the number
of input features k (see Fig. 1). Inputs are easily exchangeable
for alternative use cases or target predictions.

The second component consists of fixed-weight dense layers
with rectified linear unit (ReLU) activation, designed to impose
explicit (“hard”) constraints on the predictive model. This ap-
proach allows for enforcing minimum/maximum thresholds on
any predictive model, without introducing penalties into the
calibration metrics. Although more advanced methods exist in
literature or modern coding packages (Jiang et al. 2020; Dong
and Ni 2021; Beucler et al. 2021), our simplistic approach offers
multiple advantages. Primarily, constraints are applied through-
out training, leading to better gradient updates within prescribed
limits (see Table C2 for comparison). This flexible framework
supports most functions or specialized constructions, including
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FIG. 2. Architecture of M, highlighting the constraint component
attached to the predictive component (the gray pentagon) de-
scribed in Fig. 1. The chosen structure enforces increasing snow
depth only under precipitation and nonnegativity of snowpack
height and is equivalent to a maximum/minimum block on the out-
put. Weight colors indicate the constant’s sign, and activation func-
tions follow the color scheme given in Fig. 1.

“learned” constraints, and can be scalably implemented in envi-
ronments with minimal to no ML support, offering potential for
many fields (for more on this process, see appendix A). By
guaranteeing physical constraints, it ensures stability during time
stepping and is conducive for integration into larger models
without violating prescribed bounds such as conservation or con-
sistency equations.

¢. Threshold constraints for snowpack prediction

Constraints for dz/dt should keep the depth tendency
within physical limits to enable generalizability and stability
when M is integrated over time. This initial study selected the
following basic constraints:

e Enforce depth nonnegativity within a time step At i.e.,
M = —z/At.

¢ Enforce depth inability to increase without snowfall, i.e., Pgow =
0 = M = 0. Processes like wind drift violate this constraint,
but such effects are small in our data (see appendix B).

These constraints can be expressed as threshold functions, the
lower as f- = —z/At and the upper as f, =ReLU(p) X 1 P, >0
where p is the output of the predictive component and 1 is the
indicator function. For these choices, f_ is nonpositive and f
is nonnegative, which simplifies the constraint layer structure
(see appendix A), resulting in a final structure for M as depicted
in Fig. 2.

The first constraint includes the time step At, but this does
not explicitly affect the time dependency or resolution of the
parameterization. The predictive component contains no time
nor time step dependence. Adjusting Ar scales the constraint
appropriately without altering the predictive component’s out-
put, enabling the model’s use in adaptive time step schemes
(rescaling the constraint per time step). This means the model
in principle only requires training with data at one temporal
resolution, though we would anticipate improved time step
independence if training data incorporated varied time inter-
vals, or dz/dt values in the minimum range anticipated during
usage.
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FI1G. 3. Distribution of SNOTEL sites used for training the network. (left) Training sites as visualized over the United States. (right)
Training sites visualized with elevation vs their average nonzero snowpack height 7, . The color bar is a visual indicator of 7 | for visualiza-

tion on the spatial map.

d. Data

We required training data with simultaneous snow and mete-
orological measurements, preferring collocated primary ground
observations over reanalysis data due to known discrepancies
(Meyer et al. 2023). One primary source is the U.S. Snowpack
Telemetry (SNOTEL) network by the Natural Resources Con-
servation Service (NRCS). Data from 44 SNOTEL sites in the
contiguous United States (CONUS) have simultaneous avail-
ability of the necessary inputs, of which their entire reporting
histories until 1 February 2024 were collected. These sites span
diverse climates (see Fig. 3), enhancing generalizability. For
testing, seven Alaskan SNOTEL sites had the necessary inputs
and were similarly collected, plus standard evaluation data from
Kiihtai, Austria (Krajci et al. 2017), Col de Porte, France (Le-
jeune et al. 2019), and the Reynolds Mountain East catchment
(Reba et al. 2011) to assess the ability of M to generalize to out-
of-sample data. We additionally used data from Sodankyld, Fin-
land (Essery et al. 2016), the upper Rofental (Warscher et al.
2024), and Yala Basecamp (Stigter et al. 2021; Shea et al. 2015)
in the Himalayas to test performance across uncalibrated eleva-
tions and climate types.

SNOTEL data have known quality issues, such as underre-
presenting complex mountainous terrain and underreporting
precipitation (Meyer et al. 2012; Serreze et al. 1999), along with
periods of biased or unphysical values (Hill et al. 2019). To en-
sure data suitability for model training, we applied established
cleaning measures formulated by Serreze et al. (1999) and re-
fined by Yan et al. (2018) to SNOTEL daily snowpack data.
Gauge undercatch was corrected as in Livneh et al. (2014), and
temperature biases were addressed following the SNOTEL cor-
rection release (Atwood et al. 2023). Since no consistent quality
control procedures exist at present for SNOTEL meteorologi-
cal or snow depth data beyond outlier tests by Hill et al. (2019),
we developed a custom procedure (see appendix B). Snow

fraction (to obtain snowfall from total precipitation) was esti-
mated using the (7, ¢) bivariate logistic model from Jennings
et al. (2018), shown to have over 88% accuracy. From the
cleaned data, we derived dz/dt, dASWE/dt, and Pq,,,, for days
with complete data, excluding all data with Az > 1 day.

The training data were averaged (preserving start-of-window
z and SWE) over a consecutive N-day moving window, with N
left as a hyperparameter. This enabled exploration of the trade-
off of spreading out discretized SNOTEL data (z to the inch
and SWE to 0.1 in.) for smoother regression learning versus
preserving extreme values critical for predictions. Days with un-
physical values (zero SWE and nonzero z) or no snowpack
were removed to eliminate uninformative zeros in the target
space. Features were scaled by their standard deviations, and
the target by its absolute maximum, with scaling constants fixed
into M to spare user preprocessing. This resulted in 58484 us-
able sensor days out of 105636 for training and 35618 sensor
days for testing. The complete dataset and generating code are
publicly available (see data availability statement below).

e. Training

Accurate prediction of extreme values is vital in snowpack
modeling. Underpredicting extreme dz/dt can prevent rapid
snowpack growth or depletion, lagging snow presence early in
the season or maintaining snow into the summer, which skews
albedo, runoff, and energy calculations. Models like Noah,
CROCUS, and SNOWPACK have struggled with this chal-
lenge (Gao et al. 2021; Luijting et al. 2018; Lundy et al. 2001;
Wever et al. 2015; Vionnet et al. 2019). Standard regression
tends to underpredict extremes, so we used a custom loss
function that can emphasize extreme values:

w, = 1+ |yi|"z. (3)
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Here, N, is the number of batched training data, $; and y; are
the prediction and target data, respectively, and n; and n, are
constant positive real numbers. Using (n; = 1, n, = 0) or
(n; = 2, n, = 0) is equivalent to optimizing the average L, or
L, losses, respectively. Hyperparameter tuning followed a
leave-one-out approach, using averaged and filtered data from
43 of 44 sites. Validation scores were generated over the re-
maining sites using unaveraged, unfiltered data, and then aver-
aged over all sites to guide hyperparameter selection. For time
stepping (see section 2f), the optimal n; was found with L,
training and n, > 0, highlighting the importance of extreme
points. We note that optimal hyperparameters varied between
regression and time-series tasks; see appendix C for more
details.

The model was implemented in Julia and the Flux frame-
work (Innes et al. 2018; Innes 2018), with the root-mean-
square propagation (RMSProp) optimizer (Hinton et al.
2012). Training for 100 epochs (100 passes over all data)
takes under 30 s on one Intel 19 CPU without graphics proc-
essing unit (GPU) usage, with model storage under 3 KB.
Time and memory benchmarking of the network are listed
in Table C4 in appendix C.

f- Testing

Model performance was tested by time stepping the dz/dt
equation with an explicit Euler method:

Ziyg =2+ (KAOM(Z;, SWE,, ¢, R, v, Ty i Py ) (4)

The integer K specifies sequential data transitions (K = 1)
or “gaps” to traverse in time-series data (K > 1) due to miss-
ing or cleaned data. The built-in constraints of M ensure non-
negative z values when the step size is the designated At (i.e.,
when K = 1; for providing other At, see section 3f), though
this choice of time-stepping procedure can create negative z
when K > 1 (rates constrained for step size At are applied
over KAt > Af). In such cases, negative z values were set to
zero, and similarly, time series were “reset” to observed values
2,k = Z;4x Whenever K > K, = 5 days, to avoid attributing
error from the method choice to M for fair evaluation. When
M is used within a global model simulation, such gaps would
not occur since the inputs would be available at every step, al-
lowing all z; to obey prescribed bounds. Selecting Kiax > 1
day additionally reduced the number of resets that would oth-
erwise beneficially skew performance metrics, with Kp.x = 5
ensuring resets in less than 2.3% of cases (median frequency
0.19%), with many over whole years or no-snow periods (not
impacting snow simulation). Evaluation metrics included root-
mean-squared error (RMSE), mean absolute error (MAE),
bias (B), and median percent error (MPE; on dz/dt for regres-
sion and z for time series). For time series, we included the
Nash-Sutcliffe efficiency (NSE; Nash and Sutcliffe 1970) and
snowpack percent error (SPE) MAE/z , where 7, is the
mean nonzero snow depth.

By swapping SWE and z features, the network can also be
trained to predict dASWE/dt from z, allowing SWE to be simu-
lated from depth data. This enables standalone modeling
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using only weather inputs, with two networks M_ and M
separately trained to run in a coupled fashion:

SWE?

SWEHK = SWE; + (KAt)MSWE(zf’ Sﬁi? @i Ri v T s Poou )
5)
and
Lk =2+ (KAOM (2, SWE,, ¢, R, vy, Ty i P )-
(6)

The only change to ensure physical consistency is to alter the
lower bound of M . M . = M otherwise) such that the z update
obeys z;+ xk = SWE,, ¢ to enforce z = SWE, so SWE,, x was cal-
culated first before dz/dt. This permits comparison with other
models without inputting observational SWE.

To compare the neural model to established parameteriza-
tions, the Snow17 temperature-index model (Anderson 2006)
was implemented and evaluated on the same data. Snowl7
(designed for modeling runoff) models SWE and infers depth
through Anderson’s density parameterization, and it can also
assimilate observed SWE, allowing comprehensive compari-
sons. We performed two comparisons: 1) M (the one-network
depth parameterization) against Snow17 with both assimilat-
ing observational SWE and 2) the two-network standalone
model M (subcomponents M . and MSWE) against Snow17,
both using only meteorological inputs. To avoid confusion,
Snowl7 predicting versus assimilating SWE is labeled as
“SN17” and “SN170,” respectively. We used the Snow17 pa-
rameters from the Wang et al. (2022) “SN17-B-CONUS”
model, calibrated over CONUS to account for regional cli-
mates. Both models were restarted with accurate depth when
resets occurred, and computational benchmarking is compared
in Table C4. Significance in differences between RMSE metrics
was evaluated via a Wilcoxon signed-rank test (Wilcoxon 1945)
with p = 0.05, which does not assume normal distributions or
variance homogeneity.

In addition to depth, bulk density time series can be gener-
ated from z and SWE data and model outputs according to
Eq. (1) and compared. The data are discrete while the model
outputs are continuous, so densities were compared at sites with
collocated SWE and z sensors (see appendix B) only when both
models and data yielded physical values (0 < pshow/Pwater < 1)-
Counts of “false nonsnowpacks” (models show z = 0 while
z > 0 in the data) and “false snowpacks” (models show z > 0
while z = 0 in the data) were recorded, along with instances of
unphysical densities.

To further assess physical consistency, the estimated rates
dSWE/dt by M swg Wwere compared to the snowfall rate data
Pgow- When the air temperature is below freezing (T, < 0),
the conservation of mass implies these rates should be roughly
equivalent, limited by factors such as runoff, sublimation,
snow transport, and data precision. While it is possible to di-
rectly impose conservation of mass as a threshold in this
framework, forgoing this specific bound allows for an investi-
gation of the model’s ability to represent physical constraints
beyond those explicitly encoded.

Assessing physical consistency in the model directly per
feature is nuanced due to strong correlations among the
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FIG. 4. Performance of M and M against Snow17 with (SN170) and without (SN17) observa-
tional SWE data for generating z time series over the 44 validation sites. RMSE indicates root-
mean-square error, NSE indicates the Nash—Sutcliffe efficiency, and SPE indicates the average
L1 error normalized to the average nonzero depth, to measure percent error. Boxes outline the
25%-75% quantiles, with the bar at the median, while whiskers mark the extremes and dots in-
dicate outliers, which lie beyond 1.5 times the IQR (box width) from the box. Vertical axis limits

are chosen to show all data points.

inputs, which confound most interpretation methods like
partial dependence, permutation, local interpretable model-
agnostic explanations (LIME), and tractable Shapley addi-
tive explanations (SHAP) values (Molnar 2022). To isolate
feature effects on model output, we calculated first-order ac-
cumulated local effect (ALE) plots (Apley and Zhu 2020).
This method shows the average change in model output ac-
cumulated over sequential bins of feature values. For fea-
ture X at grid point x;, data in the window [x; — A, x; + A]
are evaluated setting X = x; — A and X = x; + A, storing the
average of the differences AM, = M(x; + A) — M(x; — A).

The final (centered) ALE value AM at x; is the sum over all
AM ¥, with x; = x;, minus the average of all uncentered ALE

values. This isolates changes solely from feature variations,
and bins are defined by quantiles to ensure equal data instan-
ces in each window. The shape and slope of the ALE curve
are more pertinent for interpreting physicality than the offset,
especially when the feature distribution is skewed. The range
of AM over the feature indirectly measures feature importance
in influencing model output, as the ALE value can be inter-
preted as a departure from the average model prediction. Fur-
ther information for interpreting ALE plots can be found in
Molnar (2022).

3. Results

a. Depth time series

Over validation sites, neural configurations performed simi-
larly to Snow17 independent of including observed SWE (Fig. 4).

Both models exhibit similarly tight spreads, though M exhib-
ited larger spreads than SN170 when utilizing SWE data.
Conversely, when simulating SWE, the spread was larger for
SN17 compared to the coupled neural model M, which is
more indicative of usage under SWE uncertainty or provision
of SWE within a separate model. Statistically significant im-
provements in RMSE were found for both SWE and z model-
ing by M compared to SN17 (p = 0.029 and p = 0.0006,
respectively). No significant difference was observed for M
against SN170 using SWE data for depth parameterization
alone (p = 0.673), which is unsurprising as both models were
calibrated for performance over the locations represented in
these data.

The performance of the models over all testing sites is sum-
marized in Fig. 5, with example time series in Fig. 6 and me-
dians and averages reported in appendix C (Table C2).
Although the performance distributions are nonsymmetric,
both mean and median metrics are important for gauging po-
tential (median) and consistency (mean) for generalizing to
out-of-sample regimes. The neural configurations showed
tighter performance spreads across testing sites and climates
not included in the training data, despite no recalibration.
Average neural NSE was 0.87 and 0.94 (without and with SWE
data, respectively), compared to 0.35 and 0.78 for Snowl7—
median differences were smaller, but still favored neural models.
Snow17’s mean SPE was 15% even with observational SWE,
comparable to other established models without site-specific cal-
ibration (Vionnet et al. 2012; Brun et al. 2013; Viallon-Galinier
et al. 2020; Luijting et al. 2018; Ebner et al. 2021; Meloche
et al. 2022; Gao et al. 2021; De Michele et al. 2013), and nearly

Brought to you by Caltech Library | Unauthenticated | Downloaded 06/27/25 06:28 PM UTC



JuLy 2025 CHARBONNEAUET AL. 7
RMSE (cm) NSE SPE
® —05r °
| W
i
80 4 L
WSN170 ° 80
e
)
0.0
60 - 60 | e
e
.
40 40
0.5 F
°
°
20 + 20 |
{'iﬁ {-- : “{-{-
e
. = BN

FIG. 5. Performance of the neural parameterization against Snow17 over the 14 testing sites in
depth time-series generation. Labeling convention follows that in Fig. 4. One outlier for SN17
with an NSE of —2.8 is not shown on the plot to aid in the scaling of the other values.

doubled to 28% without SWE data. In contrast, the neural
parameterization maintained mean SPE under 15%, increas-
ing modestly from 9.5% to 13.4% without SWE data, demon-
strating greater robustness and consistency out-of-sample
despite the simplicity of its predictive component and lack of
past snow depth state storage.

The parameterization M demonstrates strong generalizabil-
ity, with similar performance and tighter spreads across test
and validation sites, without retuning. Although the neural
model (M) did not exhibit significant RMSE improvements
over Snow17 on out-of-sample data at the p = 0.05 level (p =
0.14 for z and p = 0.27 for SWE), it did outperform Snow17 as
a parameterization (p = 0.01). This suggests that when paired
with a reliable SWE predictor within a larger model, the neu-
ral approach offers advantages over prevailing alternatives in
extrapolating to uncalibrated locations.

b. Density time series

For validation and testing sites with collocated z and
SWE measurements (see appendix B), Table 1 compares
time-series statistics for derived bulk density, and Fig. 7 dis-
plays estimates from the same data as Fig. 6. RMSE values
reflect relative error since density is normalized by pyater-
Both SN17 and M lack SWE discretization, inflating errors
for small snowpacks compared to their assimilated counter-
parts. Neural unphysical densities source from a lack of con-
straint enforcing SWE = 0 = z = 0 (in both M, M) or
z > SWE (in M), though different constraint choices could
eliminate this. Snow17 is roughly 3 times better at mitigating
false snowpacks with lower RMSE (less extreme errors),
but our models are roughly 3 times better at reducing false
snow absence and exhibit improved individual density pre-
dictions, crucial for estimating other snowpack properties.

Thus, the advantage between models depends on which fea-
tures are prioritized. Otherwise, the two perform similarly, de-
spite M being designed for snow depth while the comparable
parameterization within Snow17 is explicitly formulated for
density. Among evaluated sites, the best and worst performan-
ces by M were better than those of SN170.

c¢. Predicted dz/dt

Figure 8 shows a histogram comparing predicted versus
true dz/dt values from M (Pearson correlation r = 0.78) and
M (r = 0.77) during time-series generation. Both still display
a tendency to underpredict extreme values. This is likely
from exposure to much more training data with small dz/dt,
which could result in better predictions of small values at
the expense of extremes without applying other methods
like class balancing.

d. Physical behavior of model

For SNOTEL instances with Ty;; < 0, M swg Violated the
dSWE/dt = P,y condition only 0.6% of the time, with all vi-
olations under 1 mm day ™! and 95% under 0.75 mm day .
About half the instances showed dSWE/dt < Py, (prescribed
bounds yielded equivalence in the rest), but the mean residual
of these was —2 mm day ™!, with 95% above —5 mm day ™!,
aligning with typical sublimation rates (Spehlmann et al. 2025;
Liu et al. 2024) and effects not explicitly modeled. Given the
SNOTEL data precision (2.54 mm) and negative average
temperatures obscuring instantaneous positive temperatures,
these results suggest strong adherence to mass conservation,
even without explicitly enforcing it (as simple as choosing
fi = Pgnow from section 2b for M swg)» highlighting the model’s
ability to learn physical representations from data beyond those
prescribed.
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FIG. 6. Simulated z and SWE time series over two of the Alaskan testing sites. Data gaps (missing or cleaned data) are shaded in gray.
All models perform similarly, though the neural models seem to perform poorly whenever Snow17 also performs poorly, like in the winter
of 2016 at site 1070. This suggests the neural parameterization is at least an efficient surrogate for Snow17 or could insinuate a data incon-

sistency if both models fail similarly.

The ALE plots for each feature are shown in Fig. 9. The av-
erage prediction of M is ~0, with negligible centering offsets,
indicating a tendency to predict negative dz/dt after T, > 0.
The parameterization M also exhibits a linear relationship in
dzldt with Py, and stabilization at low T, (wWhere a mini-
mum snowfall density would emerge), all aligning with physi-
cal expectations. Additionally, decreases in dz/dt are
observed with increased solar radiation and wind speeds, re-
flecting the model’s learning of understood destructive pro-
cesses. However, data availability and artifacts may influence
these results; for instance, while higher relative humidity could
lead to more condensation and surface melt, it also lowers the
estimated snowfall fraction under the data preparation used.

Moreover, snow accumulation on sensors during heavy snowfall
may produce saturated humidity readings linked to large dz/dt,
and location biases may affect the value ranges.

The parameterization M can be directly queried over
“slices” of its multidimensional input space, facilitating the
exploration of the model’s behavior in anticipated input re-
gions that may not be observed in the current data. Unlike
partial dependence plots, these slices are not averaged over
training data ranges, allowing them to display outputs in re-
gimes of inputs that are not physically viable. Additionally,
patterns observed in one “slice” may not be conserved
across others. Figure 10 illustrates two such slices, with
areas lacking data slightly masked.

TABLE 1. Results of bulk density time-series generation for each model. The median score over all validation and viable testing sites is
presented, and scores are derived from all predictions of physical densities during observed snowpacks, or otherwise tallied in the
presented counts. The integer count gives the median number of occurrences across sites, while the percentage normalizes each count

against the length of the time series.

Parameter M M SN17 SN170
RMSE (%) 9.1 95 74 76
Bias (%) -1.9 -1.8 0.6 0.9
MPE (%) 11.3 12.9 14.1 14.9
False nonsnowpacks 4 (0.13%) 2 (0.08%) 14 (0.68%) 0 (0%)
False snowpacks 183 (8.6%) 136 (6.1%) 45 (3.2%) 2 (0.10%)
Unphysical points 3 (0.17%) 3 (0.12%) 0 (0%) 0 (0%)
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FIG. 7. Bulk density time series (normalized against pya.er) Over the same series as Fig. 6. Poor representation at the start/end of the sea-
son for small snowpacks is exacerbated by data discretization and lack thereof in the models, particularly in # and SN17, or from simpler
constraints in M and M. Such fluctuations severely skew the NSE and SPE metrics and confound their measure of model performance.
Time series are only shown where models and data show a relative density between 0 and 1.

In Fig. 10a, contours reflect physical expectations, with
even spacing indicating dz/dt is linear in Pgyow, Tair becoming
the dominant feature around 7,; = 0, and the constraint
Az = —z. Figure 10b examines how T;, and insolation impact
snow depth at zero snowfall, showing depletion begins once
T > 0 and with increasing R. All output values at zero snow-
fall remain nonpositive, adhering to the prescribed threshold.
This slice demonstrates limited sensitivity to solar insolation at
low R, suggesting T;, is the dominant variable. This insensitiv-
ity may arise from high snow reflectivity at low incidence an-
gles (and normal sensor orientation), shading effects reducing
melting until higher radiation levels are exposed, or latent
melting effects prevailing at low irradiance. Positive feedback
loops where accumulating surface melt alters albedo could ex-
plain the transition in this slice. Overall, the model aligns with
expected physical behavior over available data, though incor-
porating more data into extrapolated (shaded) regions could
enhance universality.

e. Generalizability

To assess generalizability, Fig. 11 shows elevation versus
mean nonzero snow depth 7, for all training and testing sites,
similar to Fig. 3. Sites are colored by the performance of M
for SPE, RMSE, and NSE on z time series, along with density
RMSE. The model succeeds comprehensively, with SPE er-
rors under 20% for nearly all sites and most under 10%, while

density errors remain predominantly below 15% RMSE. It
performs comparably on testing data from different elevations
and climates, indicating robust generalizability, even for den-
sity calculations. No discernible trend with elevation appears,
corroborating generalizability rather than elevation-induced
effects.

f- Finer-resolution predictions

Time units only appear as rates in M via precipitation, the
lower bound, and the output. By predicting rates dz/dt instead
of accumulated dz, M can be evaluated at varying time steps
without retraining, by merely resetting the constraint function’s
scaling of 1/Ar without altering the trained predictive weights
(which were trained only once in section 3a, with At = 1 day).
This flexibility allows testing at resolutions up to data limits,
which for Kiihtai is a maximum resolution of 15-min intervals.
While subhourly time resolutions are rarer in larger Earth mod-
els, they are used in land models and will become increasingly
frequent as research advances in fine-scale land—-atmosphere
interactions (Schér et al. 2020; Ban et al. 2021). Similarly,
while multiday resolutions are rare, data availability can ne-
cessitate their use. Benchmarking across scales above and
below the daily resolution used for training offers insights
into the model’s limits and potential applications. However,
beyond a week, average input variables do not effectively
capture critical input dynamics (e.g., monthly average T,
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FIG. 8. Predicted vs true dz/dt and residuals against the modeled target by the M and M models. Both models continue to underpredict
extremes, despite the bias given to extremes during training. The magnitude of data in small dz/df ranges relative to extremes could con-

tribute to this phenomenon.

would not reliably indicate time above freezing), leading to
suppressed variations that undermine meaningful outputs,
and alternative model choices would be more appropriate.
Results of repeating the time-series generation with M as
described in section 3f for the Kiihtai data with different val-
ues of At in the constraint but identical weights otherwise,
spanning 15-min to weekly resolutions, are shown in Fig. 12
and Table 2.

The time series shown at this site all exhibit a low bias;
however, for all resolutions, M achieved over a 40% reduction
in RMSE compared to Snowl7 (not tabulated). RMSE in-
creases at time steps outside the daily interval used for train-
ing, though all subhourly resolutions yield nearly identical
results without further trends. This performance loss may
arise from the extreme values of dz/dt and precipitation ob-
served at higher resolutions. While daily data show gradual
snowpack increases, finer resolutions might capture the same
deposition over a few hours, leading to dz/dt values 10-20
times larger than those in the training data. Conversely,
weekly averages smooth out extreme events, which can re-
duce the variance of outputs. Overall, M demonstrates an
ability to transfer across temporal resolutions, though

performance would likely improve with a broader range of
dz/dt training values (for instance, incorporating both hourly
and daily data).

4. Discussion

This study explored a simple, versatile data-driven frame-
work to enhance physical parameterizations, focusing on
generalizable snow parameterizations for climate modeling ap-
plications. Many choices were results driven and informed by
data availability, such as selecting widely measured variables
to increase model applicability, though other choices could
likely enable the representation of additional processes. Data
requirements limited sources to the SNOTEL network, which,
while useful for local relationships, has quality issues com-
pared to validation sites such as Col de Porte and Kiihtai
(Meyer et al. 2012, 2023), fails to represent large-scale hetero-
geneity effects, especially in mountain regimes (Meyer et al.
2023), and lacks coverage of extreme conditions in scarcely sam-
pled tundra and taiga biomes. The approach’s ability to extend
to these unsampled terrains or perform on coarser grids with
explicit large-scale effects within Earth system model remains

Brought to you by Caltech Library | Unauthenticated | Downloaded 06/27/25 06:28 PM UTC



CHARBONNEAU ET AL. 11

ALE of Predictors

JULY 2025
—~ 0 F —
> >
© ©
2 2
g 10 €
L L
= —20 + =
< <
_30 -
I N S NN I
0 1 2 3 4
z (m)
0.0
2 —
=~ i —
3 %
k] o 0
S~ S~
E ol g
<4 -75 } <
_4 —
~10.0 T T N T I
0 2 4 6 8 -20-10 0 10 20
v (m/s) T, (°C)

0
= =
© ©
ko4 T
IS IS
L L
= = -2
< <
-3
0.2 04 06 08 1.0 0 100 200 300 400
2 R (W/m?2)
50
- 40
>
©
o 30
S~
€ . _ ALE Curve
- (Quantile bins)
z
0

123456
Pgow (cm/day)

F1G. 9. ALE plot for M’s predictive features. The ALE mitigates the effects of feature correlations, providing a rough indication of
feature importance in determining M’s output magnitude and a visual measure of physicality. The horizontal axes mark the range of each
feature, while the vertical axes show the change in M relative to the average prediction. Curves are binned by quantiles so each bin has at

least 50 samples.

untested and will be the subject of a future paper. Further adap-
tation of these models in a world of growing data volume, fre-
quency, and quality offers an exciting opportunity for future
research.

Model Output vs Air Temp and Snowfall Rate
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The neural parameterization M generalizes well across loca-
tions, a crucial feature for both global consistency and local-scale
modeling, particularly as climate change skews site statistics to
become “new” locations. Snowl7 struggles with such shifts,

Model Output vs Air Temp and Solar Insolation
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FI1G. 10. Outputs of M for two snow states, with other inputs held constant. In each case, one threshold (Az > —z or dz/dt < 0 for
Pgrow = 0) is visible. “Shaded” or “masked” pixels (partially greyed out) indicate areas of the visible parameter space with ranges
not represented in the data, from being either unphysical or unobserved.
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FIG. 11. Performance of M across all training and testing sites with regard to RMSE, NSE, and SPE of depth time series, as well as
RMSE for density time series over the sites where density was evaluated (see appendix B). Testing sites are marked with squares instead

of circles.

limiting its application on longer time scales (Meyer et al. 2023;
Boone and Etchevers 2001). Our physics/ML hybrid approach
offers a viable alternative. Generalizability is key for ML in cli-
mate models. For instance, Yang et al.’s (2020) random forest
model applied to Chinese sites showed high out-of-sample
biases and SPE compared to our model, despite similar RMSE.
Their ML approach and that of others like Duan et al.
(2024) or Yang et al. (2022) rely on location-specific varia-
bles (slope, aspect, topographic/vegetative indices, etc.) or
features like historical averages and microwave measurements
(Tanniru and Ramsankaran 2023; Song et al. 2024; Cui et al.
2023; Vafakhah et al. 2022; Yang et al. 2022), which hinder their
usage within Earth system models. In contrast, Wang et al.
(2022) simulated SWE with recurrent neural networks using
physical inputs with similarly high NSE scores and moderate
generalizability but required over 240 previous states for up-
dates. Duan et al. (2024) also used 180 days of forcing data per
SWE prediction for various models at SNOTEL sites, requiring
training times of 5-26 h and hours of simulation time on a
GPU. Our memoryless neural ODE model achieves compara-
ble results to Wang et al. (2022) with guaranteed consistency
with physical bounds. It exhibits improved median MAE,
RMSE, and NSE against all models from Duan et al. (2024),
with fewer inputs and significantly fewer computational

resources (see Table C4). Steele et al. (2024) used the same in-
puts as ours for a standalone ML model and a postprocessing
model for physical models. Both yielded higher SWE RMSEs
(6 and 13 cm versus ~4 cm in our model; see Table C2) and
poorer generalization, though they produced a slightly better de-
rived density RMSE (implying z errors were similarly scaled to
SWE errors). Both models required the addition of a binary
snow-presence variable to reset unphysical summer snowpacks,
while our approach naturally adheres to prescribed bounds, elim-
inating such unphysical departures.

The best hyperparameters for time-series generation differed
from those for direct regression, underscoring that better individ-
ual dz/dt predictions do not guarantee better accumulated sea-
sonal time series. This further supports that our choices are
going beyond merely matching magnitudes and instead summa-
rizing universal, memoryless physical processes. Notably, the pa-
rameterization faltered only when new climates introduced
target magnitudes absent in the training data, rather than when
locations presented different input feature magnitudes. While
output magnitude extrapolation is limited as with many data-
driven models, the input generalizability is a less common re-
sult, highlighting the benefits of enabling physical consistency.
This underscores the need for more widespread snow sensing,
particularly in extreme climates, to improve the predictive
power of such models.
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FIG. 12. Output of M at different resolutions for a subset of the site data from Kiihtai,
Austria. The graph overlays outputs at different resolutions for direct comparison. Sub-
hourly (15, 30 min) curves are nearly indistinguishable from the hourly curve.

The framework’s application of prescribed constraints around
black-box models like neural networks enables easy modifica-
tion of constraints or input variables. This interchangeability
supported rapid experimentation and prototyping and is syner-
gistic for integration as a “plug-and-play” model that can adapt
to available inputs and operational constraints. The approach
provides linear scaling in input size with low computational
overhead, which can reduce computational budgets while main-
taining or improving accuracy compared to advanced models,
permitting simulations longer into the future or over finer grids.
It can demonstrably act as a standalone predictive tool wher-
ever inputs can be measured or inferred, which could be
through observations, remote sensing, weather forecasts, or
coupled models. This framework could be used, for example,
for forecasting applications such as weekly skiing or hiking ter-
rain predictions from weather forecasts, or tested for water sup-
ply simulation given snowpack data. The model structure is a
strong candidate for simulating many types of constrained phys-
ical systems beyond snow, offering further avenues for investi-
gation (see appendix A).

Beyond testing the neural parameterization M globally in a cou-
pled setting within an entire climate model, other future directions
of research could involve adapting M to continuous neural ODE

TABLE 2. Performance of M at varying resolutions for z time-
series generation. Error jumps beyond the daily training resolution,
but performance remains near constant between hourly and 15-min
resolution.

Statistic/resolution Weekly Daily Hourly 30 min 15 min
RMSE (m) 0.1762  0.1437 0.2008 0.1989 0.1999
NSE 0.759 0806  0.708  0.710  0.709
SPE (%) 2390 1954 309 31.0 31.1

structures (Chen et al. 2018) or more general time-stepping
schemes. While this study focused on localized relationships and
comparisons with similarly formulated standards, it did not address
large-scale heterogeneity effects. Future adaptations to directly
incorporate these effects might aid usage within coarser-scale
(~100 km) models. Additional improvements could involve inte-
grating data from the National Operational Hydrologic Remote
Sensing Center (NOHRSC) or Meteorological Assimilation
Data Ingest System (MADIS), or detailed snow layer data to
simulate temperature profiles. Alternative training strategies,
such as using time-series error as the loss function or gradient-
free update rules to bypass recursive time-series gradient issues,
could also be explored.

5. Conclusions

Using a location-agnostic and physically constrained neural
ODE framework to parameterize the rate of change in snow
depth, we were able to simulate seasonal snow depth with a
median error of 8.8% across sites with varying climates and el-
evations, including some not seen during training. Though the
parameterization was trained with daily data, it shows an abil-
ity to perform with moderate accuracy at other temporal reso-
lutions without additional retraining of the model; however,
retraining with higher-resolution training data may lead to fur-
ther improvement. The parameterization’s structure reduces
computational overhead while maintaining performance in
depth simulation at the level of established, cutting-edge, or
more detailed models. The design is conducive for usage in
prognostic models or can be adapted to alternatively predict
variables such as SWE. When driven solely by meteorological
data as a standalone model, the parameterization framework
can recreate seasonal time series with comparable error without
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retraining or site calibration—an improvement over other es-
tablished models. In most cases, it matches or outperforms the
Anderson Snow17 model in simulating seasonal snow depth, of-
fering an efficient formulation for use within physical models
and an alternative to prevailing parameterizations.

The proposed framework demonstrates the potential for a
wide array of applications for both long-term climate simula-
tions and short-term forecasting applications. The means of en-
forcing hard constraints structurally provides a simple but
powerful technique for predictive modeling that can be applied
beyond snowpack modeling to different climate processes or
physical parameterizations.
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VOLUME 4
APPENDIX A

Threshold Constraint Layers
a. Defining threshold constraint layers

Since ReLU(x) = max(x, 0), we can reexpress the minimum
and maximum functions as

max(x, y) =y + ReLU(x — y) =

ReLU(y) — ReLU(—y) + ReLU(x — y) = max(y, x), (Al)
min(x, y) =y — ReLU(y — x) =
ReLU(y) — ReLU(—y) — ReLU(y — x) = min(y, x). (A2)

Then, for a model output p and any construction f serv-
ing to threshold p, the bounds max(f, p) or min(f, p) can
be explicitly implemented with a single depth-3 fixed-weight
layer with no biases acting on input [p, f|* with ReLU acti-
vation, followed by an accumulation with no activation:

+1 F1
[=1 1 —1]xReLU]| 0 1 |x|"
0 -1 /
— AT.ReLU[A] ; ) (A3)

where + indicates max(f, p) and — indicates min(f, p), and
the ReLU acts elementwise. Equation (A3) offers a simple
formulation, but the symmetry of the maximum and mini-
mum functions permits resonant structures—different weights
yielding the same output. If the signs of p or f are unknown,
both +fand —f (or +p and —p) must be passed through the
ReLU, along with p — f, to preserve all necessary informa-
tion. However, if fis always nonnegative (or nonpositive), the
layer depth can be simplified from three to two, as passing —f
(or +f) becomes redundant and its ReLU always evaluates to
zero. Similarly, if the threshold obeys f = C (or p = C) for
some constant C, a similar reduction is possible by including a
bias term along with A,. and A;.. The same reductions apply
if p also exhibits similar properties. Figure Ala illustrates the
generalized structure for one-sided threshold constraints on a
predictive component discussed in section 2b.

Likewise, for a simultaneous upper bound f, and lower
bound f_ on p for any constructions f,, f_ satisfying f, = f_,
we have

max[min(p, f,), f_] = ReLU(f_) — ReLU(—f_) + ReLU(a),
(A4)
where
a = ReLU(f,) — ReLU(~f,) — ReLU(f_) + ReLU(~f.)
— ReLU(f, — p), (AS5)

so the threshold can be explicitly implemented with a se-
quence of two fixed-weight layers containing no biases acting
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FIG. Al. In all graphics, inputs are on the left, with predictions on the right, and the gray pentagon depicts the predictive component
from Fig. 1. Knowledge of function f can simplify layers by removing certain orange (ReLU) nodes, with resonant structures possible
from the symmetry of the maximum and minimum functions. Black weights are fixed at +1 or —1, with no biases or training. (a) General
structure for a one-sided constraint (maximum or minimum) on the prediction. (b) General structure for a two-sided constraint (enforced

range) on the prediction.

on input [p, f., -], followed by an accumulation with no
activation:

-1 -1 -1 1

[T 1 —1]xReLU|l O 0 0 1 0
0 0 0 o0 1
-1 1 0
0 1 0 p
xReLU|| 0 -1 0 |x|f, (A6)
0 1 fo|
0 -1
p
= A, ReLU|A]ReLU|A]| f, ||, (A7)
I-

which takes advantage of the identity ReLU[ReLU(x)] = Re-
LU(x). Like the one-sided threshold example, many resonant
structures exist according to symmetry, and bounds on the
thresholds or p permit layer reductions. Figure A1b shows the
generalized structure for a two-sided threshold constraint
function f outputting f-, f_ on the predictive component given
in section 2b.

These constraint structures can adapt to any functional
constraint f of any input (including those independent of
predictive inputs) or even the predictive component output p.
This versatile framework exhibits minimal computational
overhead without increasing runtime complexity. The ap-
proach thresholds an output rather than imposing an invari-
ance or the zeroing of a derivative, but this constraint class is
relevant to many physical or nonnatural systems. This provides
a simple means for emulating many systems when paired with
universally approximating predictive models or for integrating
data-driven parameterizations into larger models while enforc-
ing constraints like physics or conservation laws. Absolute

boundaries also enhance stability in time stepping by keep-
ing outputs realistic.

Many code packages and languages cannot compute gra-
dients of logical branches or minimum/maximum functions.
This structure bypasses that limitation, allowing constraints
to be enforced during training, even on legacy systems with
minimal functionality. This mitigates the need to penalize the
loss function, which can impede the learning of the main objec-
tive (Rahimi et al. 2023). Enforcing constraints during training
enables gradients and weight updates better suited for predict-
ing values within the boundaries. Unlike other penalty-free ap-
proaches like projecting outputs into constrained spaces, this
method does not require constant or predefined thresholds and
can explicitly predict boundary values rather than asymptoti-
cally approach them, which can inhibit learning by reducing
gradient magnitudes (LeCun et al. 2012). Constraints under
this construction can be analytically defined, or even pa-
rameterized and learned from data during training, even si-
multaneously with the predictive component (e.g., a network
for prediction and a network for boundary values, trained si-
multaneously), predicting both thresholds and values for en-
tirely data-driven modeling. These functional forms can also
be combined and stacked in larger networks or applied to
nonnetwork models. Figure Al depicts the threshold con-
straint layers enveloping the predictive component from
section 2b, but they could be placed inside larger networks,
layered, or stacked as part of a larger predictive model or
applied on any nonnetwork model.

The primary benefit of this framework is enabling guaran-
teed prescribed bounds for trainable models during the train-
ing process. However, by representing the “if over, then
change” condition as a vectorized algebraic operation rather
than logical branches, it eliminates branch misprediction in
compilers and maximizes scalability for broadcasting and par-
allelization at large scale. This has performance implications
for CPUs (see Table C4) but especially for GPUs with differ-
ent (or no) protocols for branching (Pharr and Fernando
2005). When inputs for both p and f are similar, constraints
can be implemented with one skip connection, streamlining the
architecture. These constraint structures could be equivalently
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expressed using Maxout (Goodfellow et al. 2013) or nested net-
works for a given constraint, but maintaining a single-network
form with one skip connection results in faster training and suf-
ficient variety in constraint expression.

In the bigger picture, the framework’s adaptability and
guarantee of constraints make it a strong candidate for em-
ulating systems where complex processes defy full analytical
modeling but are bound by defined limits. This versatility
opens doors for usage even beyond snow modeling. For in-
stance, in two-sided threshold scenarios, M can be viewed
as interpolating between two boundaries, which we antici-
pate as offering utility in areas like predicting drag between
turbulent and viscous limits or transport in superdiffusive
regimes. The approach holds the potential to contribute to
a comprehensive understanding of global dynamics, opening
exciting avenues for future investigation.

APPENDIX B

Data Methods

Snow data come from ground stations, aerial lidar surveys,
or satellite images calibrated with ground measurements
(Smyth et al. 2020). Remote sensing offers broader coverage
crucial for global modeling but can suffer obfuscation and lack
the resolution to capture localized snow processes. Ground
sensors can capture local effects but face challenges like mal-
functions, terrain biases, and limited coverage, and aerial sur-
veys track fewer variables. The SNOTEL network, with over
900 sites, uses automated sensors like snow pillows for SWE,
ultrasonic sensors for depth, and weather instruments, trans-
mitting data via ionospheric radio reflection (National Water
and Climate Center 2023).

The SNOTEL network is rare in providing simultaneous
collocated hydrometeorological data across varied climates
but faces notable data uncertainties like precipitation gauge
undercatch or unphysical sensor values (Rasmussen et al.
2012; Hill et al. 2019). Not all sites measure all variables
(Raleigh et al. 2016), with many in wind-shielded or flat ter-
rain, limiting climate diversity for “universal” model calibra-
tion. All sites measure SWE, z, and precipitation, but the
availability of variables like Tguow, Tsoi, R, @, and v varies.
Removing Ty, [due to its correlation with ReLU(7,;)] and
Tsnow increased the number of usable sites to 44 in the conti-
nental United States and 7 in Alaska after postprocessing.

Established snow science evaluation sites like Col de Porte
(Lejeune et al. 2019), Kiihtai (Krajci et al. 2017), Reynolds
Mountain East (Reba et al. 2011), and Sodankyla (Essery
et al. 2016) were tested alongside Alaska SNOTEL data,
which biases the evaluation toward lower elevations and
similar Z7,. To address this, data from Yala Basecamp
(Stigter et al. 2021; Shea et al. 2015) and two Rofental sites
(Warscher et al. 2024) were included, though additional daily
observational time series for all variables are presently mini-
mal. Noncollocated measurements of z, SWE, or snow density
Psnow €an lead to inconsistencies and biases in bulk density esti-
mates. Training on such inconsistencies could benefit accuracy
in large-scale climate modeling with gridded data, as it better
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matches the anticipated variability from coarse graining, but it
can also introduce validation biases if observation protocols
differ from the training data. Therefore, all training and testing
sites were assessed for the collocation of z and SWE data
collection using literature, imagery like Smyth et al. (2020), or
direct communication with site representatives. This limited
density evaluations to Kiihtai and CONUS/Alaskan SNOTEL
sites.

Phenomena like wind drift can confound snow pillow data,
as strong winds away from the wind sensor can push snow
onto the pillow, creating positive measured dz/dt with no pre-
cipitation and insufficient wind speeds for drift, as observed by
Meyer et al. (2012) in some SNOTEL sites. Our constraints in
section 2b can be violated by such events. However, only
1.5% of the training data and 2.2% of the testing data showed
dz/dt > 0 without precipitation, and established models like
Crocus and SNOWPACK also do not account for positive
growth due to wind redistribution when run standalone.
These models instead focus on the compaction or erosion
of snow by wind (Vionnet et al. 2012; Lehning et al. 2002),
destructive effects our model captures. Ongoing work aims
to integrate redistribution effects into snow models, and as
this paper serves to introduce a framework compared to ex-
isting parameterizations, we find accounting for such effects
beyond the scope of this study, representing an exciting area
for future research. We invite interested parties to revise the
variables, thresholds, and datasets in this initial formulation
to the benefit of the community, as we envision broader
adoption of this proposal beyond our specific formulation
and calibration.

a. Data cleaning procedures

Established methods exist for cleaning SNOTEL daily
SWE, T,, and precipitation values, beginning with Serreze
et al. (1999) and extended by Yan et al. (2018), but little
consensus exists for depth or meteorological variables, par-
ticularly those available at hourly frequencies.

Raw hourly and daily time series for all input variables
were retrieved from the NRCS database, covering all entries
available up to 2 February 2024. Bounds were applied to each
sensor based on physical limits and limits in the SNOTEL
sensor handbook (USDA 2010), removing any violative data.
All solar, humidity, and wind speed time series were manually
inspected, and any suspect or unphysical periods were flagged
[see the function manual_filter () in the code repository
for a list of suspect periods]. The following steps were then
taken in order per site:

e Weekly maxima of hourly wind speeds were determined,
from which the median w_, and interquartile range
(IQR) were calculated. Hourly wind values w; were
flagged if (w; — W, )/IQR > 6. For time series with over
24 flagged values, “blocks” of flagged values were grown
in 72-h steps until no further flags existed. If more than
5% of values in a block were flagged, all observations in
that block were flagged.

¢ Unflagged hourly wind speed, solar radiation, relative hu-
midity, and air temperature observations were binned into
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2-week windows and by hour, with the mean calculated for
each hourly bin to generate an annual profile (24 h per
26 biweeks). Gaps of 6 h or less were filled using linear
interpolation, while gaps of 6-24 h were filled using the
appropriate profile.

For hourly z data, for each nonmissing/flagged observation
z;, the values dzy = z;41 — 2; dz— = z; — z;-1, and
dt, =t, ~—t, were calculated. A threshold Z = 20 in. was
picked, and z; values having dz_ = Z and dz, = —Z, or
dz_- = —Z and dz, = —Z were flagged. A “rut” of bad
data began when dz_ = Z and |dz.| = Z and continued un-
til |[dz+| = Z, and all observations in a rut were flagged. A
rut lasting more than 20 observations or dr,. > 30 days re-
sulted in all observations being flagged until z; = 0. From
April through August, after the first time reaching z; = 0,
nonzero z; values were flagged. All z; values having
z;/SWE; less than 1, over 50, or missing SWE; were
flagged. This procedure was iterated until no more z; val-
ues were flagged and was designed based on the structure
of sensor errors in the hourly z data. This was only for
the hourly data, as daily SNOTEL depth data are quality
checked.

All hourly time series were then binned into three 8-h bins
per day. For solar radiation, wind speed, air temperature,
and humidity, the mean of all nonmissing/flagged values
per bin was determined (if all were missing, a missing value
was given). These three averages were averaged to create
the daily values, and a daily value was reported as missing
if any 8-h bin average was missing. For hourly z, the day’s
value was the first available observation, or a missing value
if all observations that day were missing.

The annual maxima of all generated daily solar radiation
observations were determined, and the median Rmax and
IQR of these maxima were determined, and all daily solar
values R; with a score (R, — R max)/IQR >2 were excised.
This only removed a handful of individual irregular spikes
in the rolled-up data and left most sites unaltered.

The converted daily time series from hourly data was coa-
lesced with the raw daily time series to form a complete
daily time series for the site. Raw daily z and air tempera-
ture values took priority over converted-hourly values if
both values existed, and converted-hourly values for solar
radiation, relative humidity, and wind speed took priority
over daily values if both existed (only the raw daily data
were used for SWE and accumulated precipitation).

Air temperature corrections to the air temperature data were
applied in accordance with Atwood et al. (2023) and associ-
ated metadata of which sites to correct, as of May 2024.
Standard quality control procedures and flagging for SWE,
accumulated precipitation values, and air temperature as
given in Serreze et al. (1999) and extended by Yan et al.
(2018) were implemented. Inconsistent water years with
maximum SWE at least 5% greater than the associated ac-
cumulated precipitation value were excised in accordance
with this protocol.

The remaining accumulated precipitation observations were
edited to account for gauge undercatch, following the proce-
dure outlined in Livneh et al. (2014) used in Yan et al. (2019).
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e Daily time series of z were compared to the quality-
controlled SWE, and any values showing z,/SWE;, less
than 1, over 50, or missing SWE; were excised.

e For all variables, gaps of 3 days or less were then filled via
linear interpolation.

e All data were then scaled into SI units (z, SWE, and accu-
mulated precipitation to meters from inches, relative hu-
midity scaled from O to 1, and wind speed to meters per
second from kilometers per hour).

¢ Only days with complete cases (no missing values in all var-
iables) were extracted, and sequential differences Az; =
Zi+1 — 2 ASWEl = SWE,;; — SWE,, and pi = AP,y —
AP; were calculated, where AP is accumulated precipita-
tion. Only values where At; = t;,.1 — t; = 1 day were kept,
and the target (dz/dt), ~ Az,/At; was created, as well as
analogous dSWE/dt; and P; = p/At;. Days with P; < 0 due
to resetting of the water year were changed to P; = 0.

The data at this point were saved. Upon importing for usage
in model training, precipitation P; was split into snow Pgow
and rain P, based off temperature and humidity values using
the snow fraction equation from Jennings et al. (2018) with
over an 88% success rate across the Northern Hemisphere:

1

T 4 e BT e

fSIlOW (Bl)
with a = —10.04, B8 = 1.41°C™", and y = 9 (with the relative
humidity ¢ € [0, 1]). The correlation of P,,;, data after quality
control procedures and feature engineering to dz/dt and
dSWE/dt was the lowest of all variables among the training
data at r = —0.016 and 0.005, respectively, informing the
choice to also remove it from the dataset to further increase
computational simplicity and scalability of the final model.
Reintroduction and retraining including the rain variable on
the optimized model structure to verify this choice resulted in
negligible changes in performance at the site level and on
average.

Three exceptions apply to the above procedure specifi-
cally for this set of training data, which might not apply for
other SNOTEL sites, and are as follows:

e Air temperatures in the continental United States were
bounded below by —40°C, and air temperatures in Alaska
were bounded below by —50°C instead of the instrument
limit of —60°C to remove on average 1-2 individual suspect
temperature spikes per site.

e All raw z; values > 175 in. were flagged (a bound solely for

removing unphysical sensor spikes in this specific training

data and should be checked for alternative data).

For SNOTEL site 1122, the averaged air temperature

hourly time series took priority over the daily time series

when coalescing data.

The code to scrape SNOTEL data from the NRCS data-
base and apply the above processing as well as a tutorial
has been made publicly available in the code repository.

The other sites were provided varying degrees of quality
control beyond unit conversion and generation of targets
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dz/dt and dSWE/dt from the resulting data. For Col de
Porte, Kiihtai, and Reynolds Mountain East, no action was
taken beyond collecting data into daily time series (averaging
all data except for using the first available z, SWE measure-
ment per day, no need for intermediate 8-h blocks). Precipi-
tation was also split into rain and snow following the same
procedure as SNOTEL data for Kiihtai. In the Rofental’s
Bella Vista site data, a nonzero offset of precipitation data
was subtracted from dates after 1 January 2022, and other-
wise, both sites were collected to daily data directly and
treated with the same precipitation undercatch procedures
as the SNOTEL data. At the Yala Basecamp site, only the
2018 year was taken due to feature availability. All negative
SWE and z values were set to zero, and gaps in the SWE
data up to nine consecutive values were filled with linear in-
terpolation. The same undercatch procedures as SNOTEL
were provided, and data were aggregated to the day level
directly (for z, the median was taken to ignore sensor
spikes, otherwise the mean for all variables). For Sodankyla,
the following measures were taken from the raw data series
beyond unit conversion, target feature creation in the same
manner as the SNOTEL sites, and direct aggregation to
daily level:

e 1-min SWE data were aggregated to the 10-min level (the
same level as other variables).

¢ All 10-min variables had gaps up to nine consecutive values

filled with linear interpolation.

All solar radiation data less than zero were set to zero.

Missing z data from May to November 2016 were set to

Zero.

e The same undercatch procedure was applied to precipita-
tion data as the SNOTEL data.

APPENDIX C

Hyperparameters and Model Benchmarking
a. Hyperparameters

Optimal hyperparameters are summarized in Table Cl.
Scores were evaluated using 44-fold leave-one-out cross vali-
dation with a batch size of 64, tracking performance every
10 epochs over 200 epochs. Most time-series trials exhibited
optimal performance when training for approximately 100
epochs. A nonzero value of n, emphasized extreme points
in the custom loss function, enhancing accumulated predic-
tions, particularly for datasets with few extreme samples.

VOLUME 4

The optimal hyperparameters yielded a network size of 435
trainable parameters for the z network and 540 for the
SWE network, compared to around 50 empirically tuned
constants (parameters and internal code) in Snowl7 for
predicting SWE and z.

b. Model benchmarking

Table C2 presents the means and medians of different
model configurations for time-series generation at the testing
sites. The neural parameterization is also compared to another
network Migse, Which has an identical predictive structure but
has no boundaries during training and only calculates and ap-
plies thresholds posttraining through vectorized if/else logic.
The regression RMSE scores between M and Mg, On train-
ing and testing data were within 1-2 mm dayfl, with Migese
performing better on training regression, despite notable
superiority in M for time-series accuracy. This trend of slightly
better training regression for Mg s but worse time-series gen-
eration persisted across repeated training trials, reinforcing
the notion that incorporating bounds during training enhances
physical representation and generalizability, rather than
minimizing training loss at the expense of other beneficial
properties.

Table C3 lists the p values from the Wilcoxon signed-rank
tests in this study. This nonparametric test assesses the signif-
icance of differences between matched samples (time series
RMSE, in this case), comparing the performance of the pre-
sented framework over Snowl7 and Mjgs.. The lack of sig-
nificance for M at validation sites was expected, as all models
were calibrated for performance on these data. However, sig-
nificant improvements in out-of-sample testing data highlight
the advantages of the presented approach. The significant
difference of the full model M from Snow17 for validation
sites was unexpected, potentially due to Snow17’s calibration
prioritizing SWE directly (one variable), while M benefits
from optimizing z and SWE as direct inputs for SWE
prediction.

Table C4 presents time/memory benchmarking. Testing
was conducted on one Intel i9 CPU (no GPU). Models were
tested in “Column” mode, processing one location’s inputs
at a time (like a site simulation), and in “1.5M Grid” and
“15M Grid” modes, evaluating input vectors of ~1.5 million
and ~15 million inputs at once (like a global land model at
10 or ~3 km land resolution), by stacking 14 or 141 copies
of all SNOTEL inputs, respectively. Average memory/time
for a single evaluation (excluding garbage collection and
compilation) was tracked and normalized by the number of

TABLE Cl1. Hyperparameter results. For time series, NSE and RMSE were the primary metrics, while RMSE was the main metric
for regression. The term ny = 2 (L2-like metric) provided the lowest RMSE for all choices, which is unsurprising. However, it is
interesting that n; = 2 also minimized SPE (an L1-like metric) compared to n; = 1.

Parameter Description Range Series score: z  Series score: SWE  Regression score: dz/dt
N Averaging consecutive N days 1,2,3 1 1 1
n Width of mixing layer 3,4,5,6 4 5 6
n Power scaling of prediction error 1,2 2 2 2
no Power scaling of target magnitude 0, 0.1, 1, 2, 4 4 2 2
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TABLE C2. Performance of the models (for SWE and z) and parameterizations (for z) in this study across testing sites, using labels
from section 2f. Medians are listed, with the mean in parentheses alongside the median. Another network M;gsc has been included,
which trains without constraints and applies them during testing with if/else statements, to highlight the performance gains over out-

of-sample data from including the framework developed in this paper. Subscripts on metrics indicate whether depth or SWE was

benchmarked.

Standalone model (SWE and z)

Parameterization (z)

Metric i SN17 M SN170 Migerse
MAE, (cm) 6.9 (1.8) 82 (16.1) 4.6 (5.9) 6.9 (8.9) 6.4 (8.0)
RMSE, (cm) 113 (12.9) 12.9 (23.7) 83 (9.6) 10.1 (14.3) 10.6 (13.0)
NSE, 0.915 (0.870) 0.914 (0.347) 0.955 (0.936) 0.937 (0.782) 0.925 (0.875)
SPE, (%) 11.9 (13.4) 11.5 (27.6) 8.8 (9.6) 9.8 (15.4) 11.5 (13.5)
MAEgwe (cm) 21 (23) 2.5 (42) — — —
NSEswe 0.931 (0.862) 0.933 (0.663) — — —
SPEswr (%) 113 (14.2) 113 (21.4) — — —

TABLE C3. Statistical significance testing of model RMSE at validation and testing sites. The p values of the Wilcoxon signed-rank
tests are shown, which compares the predictive power of two models. Labels follow those in Table C2. Significant (p < 0.05) values
are highlighted in bold. The term M ;e has been added to underscore the significant improvement on out-of-sample data when

applying the demonstrated framework.

Site RMSE M vs SN170 (z) M vs SN17 (2) M vs SN17 (SWE) M vs Migeise (2)
Validation sites 0.673 0.006 0.029 0.903
Testing sites 0.013 0.135 0.268 0.0003

TABLE C4. Time and memory benchmarking of all models (for z and SWE) and parameterizations (for z), listing required
resources per evaluation for single instances (Column) or per instance over roughly 1.5 million or 15 million instances (1.5M Grid
and 15M Grid) simultaneously. Snow17 only evaluates single instances, and Mg is listed to compare constraint layers against
vectorized if/else postprocessing. All benchmarks were evaluated on a single Intel i9 CPU.

Standalone model

(z and SWE) Parameterization (z)

Metric M SN17 M SN170 Migerse
Column, T (us) 2.6 3.6 1.3 3.8 1.0
Column, allocated memory (KB) 2.5 1.6 1.2 1.7 1.1
1.5M Grid, T (us) 0.21 — 0.099 — 0.11
1.5M Grid, allocated memory (KB) 0.80 — 0.37 — 0.34
15M Grid, T (us) 021 — 0.099 — 0.11
15M Grid, allocated memory (KB) 0.80 — 0.37 — 0.34

inputs. Column mode was averaged over 10 SNOTEL data
passes (1.06 million trials), while 1.5M and 15M Grid results
were averaged over 250 trials. Snowl7 can only iterate be-
tween locations in a Column-like mode. Both M and Mj¢.jse
determine boundaries and adjust outputs accordingly, but M
does this structurally, while Mg uses vectorized boundary
creation and broadcasts conditional if/else logic, creating the
opportunity for branch misprediction effects.

While Mg is slightly faster with less memory in Column
mode (comparing and adjusting one value against two values
is quicker than processing three values through matrix multi-
plication), M is faster by about 10% over gridded inputs
(0.147 and 1.47 s total for all 1.5 million and 15 million in-
puts, respectively). Snowl7 with data assimilation requires

more time and memory than without, as assimilation occurs
after the primary evaluation. The model M is larger than
standalone Snow17 (and about twice that of M, as expected)
but evaluates faster, which benefits long simulations across
many locations in global models. However, M is quicker
and requires less memory than Snowl7. Results may vary
based on programming languages, libraries, compilers, or
protocols used for implementation, but one could always
train utilizing the framework (the main benefit) and alter
boundary implementation afterward as desired. We antici-
pate these findings would extend to GPUs that often lack
optimized branching, suggesting further advantages for
large-scale model integration. Additional comprehensive
benchmarking remains an avenue for future research.
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