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Abstract This work integrates machine learning into an atmospheric parameterization to target uncertain
mixing processes while maintaining interpretable, predictive, and well-established physical equations. We
adopt an eddy-diffusivity mass-flux (EDMF) parameterization for the unified modeling of various convective
and turbulent regimes. To avoid drift and instability that plague offline-trained machine learning
parameterizations that are subsequently coupled with climate models, we frame learning as an inverse problem:
Data-driven models are embedded within the EDMF parameterization and trained online in a one-dimensional
vertical global climate model (GCM) column. Training is performed against output from large-eddy simulations
(LES) forced with GCM-simulated large-scale conditions in the Pacific. Rather than optimizing subgrid-scale
tendencies, our framework directly targets climate variables of interest, such as the vertical profiles of entropy
and liquid water path. Specifically, we use ensemble Kalman inversion to simultaneously calibrate both the
EDMF parameters and the parameters governing data-driven lateral mixing rates. The calibrated
parameterization outperforms existing EDMF schemes, particularly in tropical and subtropical locations of the
present climate, and maintains high fidelity in simulating shallow cumulus and stratocumulus regimes under
increased sea surface temperatures from AMIP4K experiments. The results showcase the advantage of
physically constraining data-driven models and directly targeting relevant variables through online learning to
build robust and stable machine learning parameterizations.

Plain Language Summary In this research, we aim to improve projections of the Earth's climate
response by creating a hybrid model that integrates machine learning (ML) into parts of an existing atmospheric
model that are less certain. This integration improves our hybrid model's performance, particularly in tropical
and subtropical oceanic regions. Unlike previous approaches that first trained the ML and then ran the host
model with ML embedded, we train the ML while the host model is running in a single column, which makes the
model more stable and reliable. Indeed, when tested under conditions with higher sea surface temperatures, our
model accurately predicts outcomes even in scenarios that were not encountered during the ML training. Our
study highlights the value of combining ML and traditional atmospheric models for more robust and data-driven
climate predictions.

1. Introduction

The latest suite of global climate models (GCMs) continues to exhibit a large range of climate sensitivities, the
measure of Earth's equilibrium temperature response to a doubling of atmospheric greenhouse gas concentrations
(Meehl et al., 2020). Variance in modeled responses has been traced to disparate representations of subgrid-scale
(SGS) processes not explicitly resolved by climate models, specifically those controlling the characteristics of
cloud feedbacks (Bony et al., 2015; Sherwood et al., 2014; Vial et al., 2013; Zelinka et al., 2020). Furthermore,
climate models often fail to reproduce several key statistics from the recent past when run retrospectively
(Vignesh et al., 2020). In light of these discrepancies, researchers have launched systematic efforts across the
climate modeling enterprise to incorporate machine learning (ML) methods into GCMs, in order to improve the
ability of climate model components to learn from high fidelity data. This study specifically uses a training data
set focused on marine low cloud regimes in the central and eastern Pacific—areas that are particularly problematic
to model in GCMs (Nam et al., 2012; Crnivec et al., 2023), yet are critical for precise assessments of equilibrium
climate sensitivity due to cloud feedbacks (Brient & Schneider, 2016; Myers et al., 2021; Siler et al., 2018).
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Initiatives to replace existing physics-based parameterizations in atmospheric models entirely with ML are often
marred with challenges surrounding numerical instability and extrapolation performance. Instabilities, such as the
generation of unstable gravity wave modes (Brenowitz et al., 2020), largely arise from feedbacks between the
learned SGS parameterization and the dynamical core upon integration. Currently, the favored strategy is to train
ML models offline via supervised learning to predict SGS tendencies as a function of the resolved atmospheric
state, then couple trained models to a dynamical core to perform inferences at each model timestep (Krasnopolsky
et al., 2013; Rasp et al., 2018; Yuval & O’Gorman, 2020). As an example of the offline training procedure for
atmospheric turbulence, a recent encoder-decoder approach was used to learn vertical turbulent fluxes in dry
convective boundary layers on the basis of coarse-grained large-eddy simulations (Shamekh & Gentine, 2023).
Although significant progress has been made toward advancing and stabilizing data-driven parameterizations
(Brenowitz & Bretherton, 2019; Wang et al., 2022; Watt-Meyer et al., 2023), the conventional offline training
strategy precludes learning unobservable processes indirectly from relevant climate statistics. Furthermore, in-
stabilities arising from system feedbacks are not typically incorporated into training, and cannot be easily assessed
until ML models are coupled to a dynamical core (Ott et al., 2020; Rasp, 2020). More recently, the advent of
differentiable simplified general circulation models (e.g., without phase transitions of water) has enabled spatially
three-dimensional (3D) online training of ML-based SGS parameterizations using short-term forecasts (Kochkov
et al., 2024). These strategies have not yet overcome the problems of instability and extrapolation to warmer
climates and remain difficult to interpret.

We take steps to address these issues by employing ensemble Kalman inversion (EKI) to perform parameter
estimation within a SGS parameterization from statistics of atmospheric profiles in a single column setup (Dunbar
et al., 2021; Huang, Schneider, & Stuart, 2022; M. A. Iglesias et al., 2013). Treating learning as an inverse
problem directly enables online learning. Inverse problems are characterized by setups where the dependent
variable of some target process is neither directly observable nor explicitly included in the loss function. In this
case, it is through secondary causal effects of atmospheric dynamics on observable atmospheric quantities that
parameters are optimized. In the field of dynamical systems, theory underpinning the use of inversion techniques
to infer parameters is well established (Huang, Huang, et al., 2022; M. A. Iglesias et al., 2013), and they have also
been shown to be effective for learning neural networks (NNs), especially in chaotic system where the smoothing
properties of ensemble methods can be advantageous (Dunbar et al., 2022; Kovachki & Stuart, 2019). In practice,
ensemble Kalman methods have been used to learn drift and diffusion terms in the Lorenz 96 model (Schneider
etal., 2021), nonlinear eddy viscosity models for turbulence (Zhang et al., 2022), the effects of truncated variables
in a quasi-geostrophic ocean-atmosphere model (Brajard et al., 2021), and NN-based parameterizations of the
quasi-biennial oscillation and gravity waves (Pahlavan et al., 2024). An alternative approach to online learning
relies on differentiable methods to explicitly compute gradients through the physical model to learn data-driven
components (C. Shen et al., 2023; Um et al., 2021). The differentiable learning approach has been used suc-
cessfully to learn NN-based closures in numerous idealized turbulence setups (Kochkov et al., 2021; List
et al., 2022; MacArt et al., 2021; Shankar et al., 2023). In an Earth system modeling setting, differentiable online
learning has been used to learn stable turbulence parameterizations in an idealized quasi-geostrophic setup (Frezat
et al., 2022) and residual corrections to an upper-ocean convective adjustment scheme (Ramadhan et al., 2023).
While promising, differentiable methods preclude computing gradients through physical models with non-
differentiable components, such as the physics stemming from water phase changes in cloud parameteriza-
tions. Furthermore, given existing work surrounding differentiable and inverse methods for geophysical fluid
dynamics, there remains a lack of literature demonstrating indirect learning of data-driven components in more
comprehensive atmospheric parameterizations of convection, turbulence, and clouds. Our contribution is the
application of these methods in a more realistic climate modeling setting, a use case which can directly improve
operational Earth system models.

We extend a flexible and modular framework that allows for the selective addition of expressive, non-parametric
components where physical knowledge is limited, introduced by Lopez-Gomez et al. (2022). Our approach
promotes generalizability and interpretability. Interpretability comes by virtue of targeting specific physical
processes, which enables a mechanistic analysis of their effect on climate. Generalizability is a result of both
retaining this physical framework and employing an inversion strategy that targets climate statistics. The physical
framework includes the partial differential equations in which the closure is embedded, the non-
dimensionalization of data-driven input variables, and the dimensional scales that modulate learned nondimen-
sional closures. In contrast, a fully data-driven parameterization benefits from expressivity at the expense of
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Figure 1. Schematic illustrating the ensemble Kalman inversion pipeline used for online training of a one-dimensional (1D)
atmospheric model with both physics-based and data-driven components (hybrid EDMF). Black arrows indicate fixed
operations between components, and red arrows indicate dynamic information flow on the basis of Kalman updates to EDMF
parameters. The training data comprises 176 LES simulations from the AMIP climate, processed in batches of 16 cases for
each ensemble Kalman iteration. Lateral mixing rates are formulated as the product of a dimensional scale y and a data-
driven, nondimensional function F.

sensitivity to training data, leading to difficulties in extrapolating to unobserved climates. Generalizability is
verified in our setup by assessing performance on an out-of-distribution climate where SSTs are uniformly
increased by 4 K; test error decreases in lockstep with training error from the present climate and overfitting is not
observed.

In this study, we will investigate the performance of a single column model containing data-driven lateral mixing
closures spanning a range of complexities, from linear regression models to neural networks. In Section 2, we
describe in detail the data-driven architectures, training data, and online calibration pipeline. Section 3 outlines
the performance of the data-driven eddy-diffusivity mass-flux (EDMF) scheme in terms of the root mean squared
error of the mean atmospheric state in a current and warmer climate, and representative vertical profiles are
presented with physical implications discussed. Relative to the previous work of Lopez-Gomez et al. (2022),
modeling improvements are made by both modifying the calibration pipeline and addressing structural biases in
the EDMF model itself, namely boundary conditions and the lateral mixing formulation.

2. Online Training Setup

An overarching goal of SGS modeling is to produce computationally efficient schemes that emulate expensive
high-resolution simulations, given the same large-scale forcings, boundary conditions, and initial conditions. Of
primary importance are the prediction of SGS fluxes and cloud properties, which are determined by small-scale
processes not resolvable by the GCM dynamical core. In the setup described here, parameters in a full-complexity
SGS scheme are systematically optimized through the ensemble Kalman inversion technique to match charac-
teristics of high-resolution simulations, namely time-mean vertical profiles and vertically integrated liquid water
content produced by large-eddy simulations (LES) (Z. Shen et al., 2022). A variant of the SGS scheme is
introduced, which imposes fewer assumptions and incorporates more general data-driven functions that can be
determined with data. The SGS model is an eddy-diffusivity mass-flux (EDMF) scheme that parameterizes the
effects of turbulence, convection, and clouds. The reference high-resolution simulations are performed with
PyCLES (Pressel et al., 2015), which explicitly models convection and turbulent eddies larger than O(10 m). The
process diagram in Figure 1 illustrates how calibrations are performed using the SGS model. Components of the
diagram are detailed in the sections that follow, starting with the EDMF scheme.
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2.1. Eddy-Diffusivity Mass-Flux (EDMF) Scheme Overview

EDMEF schemes partition GCM grid boxes into two or more subdomains, each characterized by containing either
coherent structures (updrafts) or relatively isotropic turbulence (environment). While most SGS schemes use
separate parameterizations for the boundary layer, shallow convection, deep convection, and stratocumulus re-
gimes, the extended EDMF scheme we use (herein referred to as EDMF) simulates all regimes in a unified manner
by making fewer simplifying assumptions (Thuburn et al., 2018). The scheme includes partial differential
equations (PDEs) for prognostic updraft properties (notably temperature, humidity, area fraction, and mass flux),
which are coupled to PDEs for environmental variables (temperature, humidity, and turbulent kinetic energy).
The physical skeleton of the EDMF consists of these coarse-grained equations of motion and houses a collection
of closures, appearing as right-hand-side tendency terms for the prognostic variable equations.

The EDMF scheme we use was initially introduced by Tan et al. (2018). It contains closure functions, for
example, for entrainment and detrainment, which capture physics without a known, closed-form expression;
specifying them is necessary to fully define the set of EDMF PDEs such that they can be numerically integrated.
Closures in the EDMF equations play a role similar to SGS parameterizations in grid-scale prognostic equations.
Tendencies from SGS parameterizations appear in dynamical core equations, and, similarly, tendencies from
closures appear in the EDMF equations. In the context of GCMs, the EDMF parameterization predicts vertical
SGS fluxes and cloud properties due to unresolved processes. The present EDMF parameterization, which is run
at 50 m vertical resolution, has been shown to effectively generalize between isotropic and stretched vertical grids
(Lopez-Gomez et al., 2022). Its prediction of second-order quantities such as turbulent kinetic energy (TKE),
which approach zero as the resolution increases, and its inherent SGS memory endow it with some “scale-aware”
properties that become especially important as convection begins to be partially resolved in the “gray zone”
(Boutle et al., 2014; Schneider et al., 2024; Tan et al., 2018); however, we have not explicitly tested its resolution
dependence yet.

Following domain decomposition, the contributions of EDMF SGS fluxes (p(w' qb' )Sgs) to the grid-scale equation
for a general quantity ¢ are

p<wl¢l >sgs = _paean;b,env%e;v + Plup (Wup - <W>)((iup - <¢>) (1)

Here, (-) indicates a grid-mean quantity and (-) a subdomain mean. Subscripts “up” and “env” signify updraft and
environmental subdomain properties, respectively. We define p as the air density, a as the subdomain area
fraction, K ., as the environmental diffusivity of quantity ¢, and w as the vertical velocity. The first term pa-
rameterizes the turbulent flux due to eddy diffusion (ED) in the environment; the second term represents the mass
flux (MF) from coherent updrafts. The environmental eddy diffusivity, which governs the diffusive flux, is
determined by a mixing length closure (Lopez-Gomez et al., 2020) and environmental TKE, following Mellor and
Yamada (1982). In shallow maritime regimes, the turbulent kinetic energy budget is dominated by a balance
between shear, buoyancy, and viscous dissipation (Heinze et al., 2015). Thus, lateral mixing primarily affects the
updraft mass flux term.

2.1.1. Baseline EDMF: EDMF-20

We compare a hybrid EDMF, detailed in the next section, to a baseline version we call the EDMF-20. The EDMF-
20 model includes physically motivated closures for eddy diffusivity (Lopez-Gomez et al., 2020), entrainment/
detrainment (Cohen et al., 2020), and perturbation pressure. The physically motivated closure functions were
manually tuned so that the simulated EDMF profiles closely match field campaigns. Parameters in EDMF-20
were tuned to match field campaigns representing a spectrum of convective and turbulent regimes, including
Bomex (marine shallow convection) (Holland & Rasmusson, 1973), TRMM (deep convection) (Grabowski
et al., 2006), a dry convective boundary layer (Soares et al., 2004), ARM-SGP (continental shallow convection)
(Brown et al., 2002), RICO (precipitating shallow cumulus) (vanZanten et al., 2011), and DYCOMS (drizzling
stratocumulus) (Ackerman et al., 2009; Stevens et al., 2003).
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2.1.2. Hybrid EDMF

Building on the baseline EDMF-20, two notable modifications have been implemented since to improve the
realism and relax assumptions imposed by previous bottom boundary specifications. First, the surface Dirichlet
boundary condition on area fraction, a free parameter found in previous work (Lopez-Gomez et al., 2022) to be
correlated with numerous other EDMF parameters, is modified to be a free boundary condition (Appendix Al in
Appendix A). The modification allows updrafts to be generated directly by entrainment and detrainment source
terms, rather than being “pinned” to the surface, and eliminates the dependence on lower boundary specification
of mass flux and area fraction required by most mass-flux schemes. Second, the surface Dirichlet boundary
condition on TKE in previous versions is replaced by a TKE flux boundary condition that depends on surface
conditions and turbulence parameters (Appendix A2 in Appendix A).

The key distinction between the hybrid EDMF and EDMF-20 lies in the formulation of data-driven entrainment
closures. We consider an EDMF scheme that uses linear regression to determine entrainment rates, designated
EDMF-Linreg, and an EDMF scheme that uses a neural network for entrainment rates, designated EDMF-NN.
These data-driven closures take the place of the semi-empirical but physically motivated closures implemented in
EDMF-20 (Cohen et al., 2020).

2.2. Functional Learning for Entrainment and Detrainment
2.2.1. Functional Learning Targets

Entrainment and detrainment are two forms of cloud mixing, which describe the exchange of mass, momentum,
and tracers between coherent updrafts and their turbulent environment (de Rooy et al., 2013). Entrainment is the
process whereby environmental properties are incorporated into updrafts, whereas detrainment describes the
ejection of updraft properties into the environment. Entrainment and detrainment appear as rates (units of s~') in
the EDMF tendency equations. These processes are often decomposed into the sum of turbulent and dynamical
contributions, which represent cloud mixing driven by horizontal turbulent mixing from eddies and exchange due
to more organized cloud-scale flows, respectively (de Rooy & Pier Siebesma, 2010). The closures learned for this
study combine the contributions into a single function. Inputs for data-driven closures are chosen to be nondi-
mensional variables II. For the closure formulation, we adopt the approach of learning a nondimensional function,
which modulates a dimensional scale of the same units as the entrainment/detrainment rates:

E =y F.(IL; Oy), (2a)

D = y5 F5(IL; Opy). (2b)

Here, y. and ys are inverse time scales while F, and F; are nondimensional functions for entrainment and
detrainment, respectively. The data-driven functions F' parameterize the relationship between nondimensional
groups IT and nondimensional mixing rates, given a vector of learnable parameters ,,. We note that F, and F; are
vertically local functions, and thus map II groups defined from local quantities at some level to a single lateral
mixing rate at that level. Thus, applying the local function to every level yields a vertical profile of mixing rates
that varies with height.

The entrainment dimensional scale is chosen as the ratio of updraft-environment vertical velocity difference Aw
to height z:

r@) =22, (3a)
Z

We denote the difference between subdomains with the symbol A. Thus, the difference between the mean updraft
and environmental vertical velocity is AW = W,, — Wy The inverse height scaling is chosen here as an easy-to-
diagnose proxy of the inverse updraft radius or eddy size at a given height (Siebesma et al., 2007). Thus, y, defines
a horizontal shear that gives rise to entrainment (Griewank et al., 2022). For detrainment, ys is chosen as a
dimensional scale that corresponds to the rate needed to sustain mass flux profiles in steady-state. Taking the
EDMF continuity equation (Equation A1) as steady and assuming no horizontal convergence or entrainment
yields the detrainment expression
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1
pa

75(2) = ReLU(—%). (3b)

up

Here, a,, is the updraft area fraction, p is the air density, and M = pa,,Ww,, is the updraft mass flux, where w,;, is
the updraft vertical velocity. ReLU is the rectified linear function, which ensures detrainment only occurs when
the mass flux divergence is negative.

2.2.2. Nondimensionalization of Input Variables

A consequential step in designing ML problems is the choice of input variables and their preprocessing, including
normalization, transformation, and feature engineering. Effective training of data-driven closures requires inputs
of similar magnitude so that disproportionate importance is not assigned to variables with larger magnitudes. The
online training approach complicates variable normalization since the input variables and their associated dis-
tributions are strongly dependent on entrainment mixing, and thus will vary as parameters change through the
calibration process. A natural and physically motivated approach to transform input variables is to form
nondimensional groups by combining dimensional variables in a manner that removes physical units. An addi-
tional advantage of doing this is that it increases the likelihood of obtaining climate-invariant closures that
generalize well out of distribution (Beucler et al., 2024), in much the same way that Monin-Obukhov similarity
theory is fairly generally applicable (Schneider et al., 2024).

In principle, nondimensional functions may depend on any nondimensional groups associated with lateral mixing
processes. Here, nondimensional groups are found on the basis of Buckingham's Pi Theorem, which states: given
N variables containing M primary dimensions, the nondimensionalized equations relating all the variables will
have (N — M) dimensionless groups (Buckingham, 1914). We consider a set D of N = 7 primary variables,
containing some already nondimensional quantities, namely, relative humidity (RH) and updraft area fraction
(@yp) , in addition to other variables deemed relevant for SGS turbulence and convection:

D= {AE, AW, TREqny, 2, Hygater AR g } @)

The set contains two length scales: the height coordinate z and the standard atmospheric scale height
Hgye = RyT,i/g; TKE,,, denotes environmental turbulent kinetic energy. Note that we use \/@up instead of a,,
because it represents a nondimensionalized length scale. Because entrainment mixing transports properties be-
tween subdomains, we defined dimensional variables as differences between the updraft and environmental
properties. Using subdomain differences also ensures Galilean invariance, such that the diagnosed entrainment
rates are independent of the reference frame. Given that these variables contain M = 2 primary dimensions
(length and time), this leaves N — M = 5 dimensionless groups.

We use the nondimensional IT groups

7zAb TKE, B
nm= Tz,jnv, aup,ARH, > )
Aw Aw RdTrcf

and refer to group i as I1;. These I groups, defined locally at each level of the atmosphere, serve as inputs to data-
driven models that return continuous, non-negative outputs. I1; and II, are unbounded and typically have
magnitudes larger than 1, so they are normalized by characteristic values of 102 for IT; and 2 for IT,, such that they
typically lie in the range [~1, 1]. TT; resembles the classic Ab/AW? scaling introduced by Gregory (2001), and
may be interpreted as a proxy for the ratio between updraft buoyancy and the updraft-environment shear. I1, is
indicative of whether turbulent or convective kinetic energy dominate. I1; and Il4, which are already dimen-
sionless, allow for explicitly learning the dependence of lateral mixing on updraft area and relatively humidity,
respectively. Finally, I15 serves as an easy-to-compute measure of geometric height, nondimensionalized by the
density scale height.

CHRISTOPOULOS ET AL.

6 of 22

8508017 SUOWIWIOD aAIIERID 3|qeoldde au) Aq pauRA0b 818 91 VO ‘SN JO SBIN 10} AXRIq1T 8UIIUO AB]IA LD (SUONIPUOO-PUR-SULBIALIOY A8 |IMAlR1g 1 [BU U0//:SHNY) SUORPUOD Pue SWie 1 8y} 88S *[yZ02/TT/ST] uo ARiqiTauliuo A8|im *ABojouyos | Jo 1suleiuioyied Ad S8i700S PZ0Z/620T OT/I0PALo" A8 i Areiq1jpul juo'sqndnfe//sdny Wwo.j pepeoiumod ‘TT 202 '99vZey6T



N\\I Journal of Advances in Modeling Earth Systems 10.1029/2024MS004485

ADVANCING EARTH
AND SPACE SCIENCES

2.2.3. Data-Driven Entrainment Architectures

The data-driven models considered for this study are linear regression and a fully connected neural network. The
linear closure is a linear mapping between II groups and the nondimensional mixing rate. A separate regression
model is used for entrainment and detrainment, totaling 12 trainable mixing parameters, including bias terms.
Linear regression outputs are passed through a ReLU function to ensure positivity of mixing rates. The fully
connected NN contains 237 parameters with three hidden layers containing 10, 10, and 5 neurons, respectively.
Neurons in all layers have ReLU activation functions. We confine ourselves here to relatively shallow network
architectures, as they already yielded substantial gains in accuracy of the EDMF scheme; exploration of whether
deeper networks can yield additional gains is left for future work.

2.3. GCM-Driven Simulations

We aim to learn compact representations of directly simulated, SGS processes as a function of large-scale
forcings. Forcings are taken from Cloud Feedback Model Intercomparison Project sites (cfSites), which corre-
spond to locations where high-frequency GCM output is saved for systematically diagnosing cloud feedbacks
(Webb et al., 2017). To generate spread in forcings, one model from CMIP6 (CNRM-CM6) and two models from
CMIP5 (HadGEM2-A and CNRM-CM5) are used, the latter two representing the upper and lower end of tropical
low-cloud reflection response. The LES and EDMF scheme are driven with the same large-scale forcings from the
corresponding GCM dynamical core. LES simulations are forced with GCM-prescribed tendencies for large-scale
subsidence, horizontal advection, and vertical eddy advection. Additionally, entropy and total water specific
humidity profiles are relaxed to the initial background GCM state with a 24 hr relaxation timescale above 3.5 km,
where convective and turbulent activity cease. Momentum profiles are relaxed on a 6 hr timescale throughout the
column to prevent drift. Radiation is computed interactively with RRTMG. The EDMF scheme is forced in the
same manner, with the exception that radiative cooling tendencies obtained from RRTMG are prescribed from
LES. LES simulations are run for 6 days; a steady state response to large-scale forcings is often observed after a
couple of simulation days. Single column model simulations are ran for 3 days and more readily reach steady
state. For calibration, we consider a total of 176 LES simulations across the east Pacific stratocumulus-to-cumulus
transition regions. The setup discussed here is described in Z. Shen et al. (2022).

2.4. Ensemble Kalman Inversion

For calibration we employ ensemble Kalman inversion (EKI), an iterative data assimilation technique that blends
Bayesian inference with stochastic ensemble sampling to efficiently find optimal parameters (M. A. Iglesias
et al., 2013; Schillings & Stuart, 2017). Starting with a prior distribution over parameters, the method iteratively
updates and narrows the parameter distribution by minimizing the EDMF-LES mismatch without explicitly
computing gradients. After a sufficient number of iterations, the spread of the ensemble tightens around the
ensemble mean, a phenomenon referred to as ensemble collapse. The method is built into a framework that
optimizes EDMF parameters on the basis of LES simulations forced in the same manner. The EDMF calibration
framework described here was first introduced in Lopez-Gomez et al. (2022), where further details can be found.

The Kalman update equation estimates parameters iteratively following

0,1 = 0, + Cov(®,,G,)[Cov(G,.G,) + A'T] " (y = G,), 6)

where @ is a vector containing EDMF parameters, G are EDMF statistics evaluated with parameters @, y is a
vector of the reference LES statistics, and I' is a noise covariance matrix. Subscripts denote iteration number. The
sample covariance matrices Cov(0,,G,) and Cov(G,,G,) are computed from the ensemble members, reflecting
the covariance between parameters and EDMF statistics, and within the EDMF statistics themselves. The arti-
ficial timestep is denoted Az, and represents an EKI hyperparameter analogous to the learning rate in the gradient
descent algorithm. The quantities I', y, G, and Cov(G,,G,) are formed by concatenating operations over all cases
in a given iteration. Statistics in G and y are computed with the following sequence of operations for each LES
configuration. First, state variables are individually normalized by their respective time-variance over the
simulation period. A time-mean is then computed over the final 12 simulation hours before a low-dimensional
encoding that preserves 99% of the variance is applied through principal component projection. The projection
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reduces the dimensionality of each case from 401 to 8—40. Finally, the resulting statistics are concatenated over
cases to form G and y. The six variables whose statistics appear in the loss function are:

1. §: entropy

2. g,: total water specific humidity

3. w's’: vertical entropy flux

4. w'g;: vertical total water specific humidity flux
5

6

. g, liquid water specific humidity
. LWP: Liquid Water Path

The overbar denotes a temporal and horizontal average and primes deviations therefrom. The first five variables
are vertical profiles, whereas liquid water path is a vertically integrated quantity. The pooled LES time variance,
used to estimate observation noise I', is scaled by 0.1 for the vertical flux and liquid water specific humidity
variables. We found that noise estimated from LES time variances over the full simulation results in uncertainty
bands that overwhelm important details about the vertical structure of these variables. Stated differently, the
temporal variability in LES simulations, used as a proxy for observation noise, likely overestimates the noise
relevant for calibration for these variables. The artificial timestep At is determined adaptively by a Data Misfit
Controller (DMC) learning rate scheduler, and generally increases with iteration number (M. Iglesias &
Yang, 2021). The DMC scheduler has no hyperparameters, as timestep is computed as a function of observation
noise, data misfit, and integrated timestep. The calibrations are terminated after a specified number of iterations,
which are quantified below.

In the Kalman update equation, parameters encoding functional relationships of lateral mixing are denoted ©,,
(machine learning parameters), and are calibrated alongside parameters ®, appearing in eddy diffusivity and
perturbation pressure closures with imposed functional forms, which we denote physical parameters.

0= {®p’®ml}' (7)

Many parameter combinations lead to unstable simulations, an issue addressed by sampling from regions of the
parameter space with successfully completed simulations. For a given iteration, only the subset of ensemble
members with stable simulations are used to approximate the parameter distribution for the subsequent iteration,
an approach detailed more in Section 3.1.1 of Lopez-Gomez et al. (2022). Model failure rates are typically 50%—
80% in the initial few iterations and diminish to zero after ~ 10 iterations. To further promote stability and
determine robust initial priors, we employ a 2-stage calibration process where the initial phase contains only a
subset of the full LES library. The first calibration, which we denote precalibration, is performed on 5 cases using
the linear regression closure and 300 ensemble members for 20 iterations. The 5 precalibration cases are
representative, and span cloud regimes along the stratocumulus-to-cumulus transition. Priors for the precali-
bration stage are chosen from Lopez-Gomez et al. (2022) for physical parameters. Linear regression prior means
are randomly drawn from a uniform distribution on the interval [0.75, 1.25] with a prior uncertainty of 5.
Following this step, the neural network model is independently optimized via gradient descent to reproduce the
linear regression mapping learned from EKI in the precalibration stage. For the linear closure, the second phase is
initialized directly with prior means from the precalibration phase. The NN calibration is initialized with
parameter means learned from gradient descent. The second phase contains all 176 LES cases and a batch size of
16 cases per iteration. Rather than evaluating the full LES data set in each iteration, 16 cases are drawn from the
full data set without replacement until the entire data set is processed. A complete pass through the data set is
referred to as an epoch. The final calibrations are run for 50 iterations, or ~4.5 epochs. The need for batching is
two-fold: computational efficiency and generation of noise in the training loss. Using the full data set of 176 cases
in each iteration is expensive given the runtime and memory requirements of single model runs. Additionally,
variability in the forcing and cloud regimes between batches translates to variability in the evaluated loss and root
mean square errors. The noise generated by the batching process inhibits convergence to local minima and is
commonly used in data assimilation and machine learning (Houtekamer & Mitchell, 2001).
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3. Calibration Results
3.1. Calibration Characteristics and Performance Comparison

To characterize the EKI training process, we consider the evolution of root mean squared error (rmse) separately
for each of the six variables in the loss function, tracked through the final calibration and following the pre-
calibration step. Figure 2 displays the evolution of rmse for the AMIP training set (left column) and a fixed set of 5
LES cases from the AMIP4K climate (right column). The AMIP4K validation cases are a representative set
spanning the stratocumulus-to-cumulus transition using HadGEM2-A as the forcing model. Shading indicates the
maximum and minimum rmse over ensemble members for a given iteration, as each member is associated with a
unique set of parameters. A summary of rmse comparisons between the EDMF variants can be found in Ap-
pendix B. We note that the training rmse curves are noisier than the validation curves due to the batching pro-
cesses. During training, the rmse for a given iteration is calculated for the 16 sampled LES cases that vary in
location, season, and regime iteration-to-iteration. The validation set is intended to track generalization perfor-
mance though the calibration process.

The rmse evolution represents an improvement over the precalibration posterior (full calibration prior), con-
strained initially by the 5 precalibration cases in the AMIP climate. Variables with larger rmse differences be-
tween the initial and final iterations benefit more from additional cases from the full AMIP training set, and vice
versa. The largest differences are for g, and LWP, where error decreases by an order of magnitude, consistent with
the sensitive and multi-scale dynamics needed to simulate cloud variables with fidelity. We note that LWP is the
density weighted integral of g;, so the rmse values are correlated. Remaining variables, including state variables
(5, g,) and flux variables w's, w’—qt’), demonstrate rmse improvements of roughly 50%—75% with respect to the
prior. The differences in rmse improvement may stem from observation noise differences, but these are scaled to
have roughly comparable relative magnitudes, such that they hold similar weight with respect to each other in the
loss. This analysis reveals that the accuracy in simulating cloud properties, through parameters that constrain g, is
greatly improved by expanding the number of training cases from 5 to 176.

Significant improvements of the hybrid EDMF over EDMF-20 are observed, particularly for cloud-related
variables and w's’. Coplotted are variable-by-variable rmse baselines evaluated with EDMF-20 over the entire
AMIP data set for the training plots and the 5 AMIP4K cases in the validation plots. The most significant im-
provements of the hybrid EDMF over EDMF-20 are observed for g, LWP, and w's’. The sizable reduction of
entropy flux error likely stems from the modified boundary conditions and larger entrainment rates learned near
the surface. Earlier assessments of EDMF-20 demonstrated integrated entropy fluxes that were systematically
biased too large, even after calibration (Lopez-Gomez, 2023). Overly warm and buoyant updrafts in EDMF-20
are likely contributors to the systematically large entropy fluxes. The updraft warm bias has been largely miti-
gated in the hybrid EDMF, coincident with enhanced surface entrainment that mixes cooler environmental air into
the updraft and larger TKE at the surface. Less consequential improvements are identified for state variables g,
and 5. In the validation curves, greater differences are observed between the hybrid EDMF schemes and EDMF-
20, owing to data-driven closures, structural model improvements, and the larger training data set.

The comparable performance of EDMF-NN and EDMF-Linreg in training and validation metrics has several
potential explanations. Differences in the learned entrainment functions are detailed further in Section 3.3 . While
the NN is pretrained on the linear regression model, significant prior uncertainty is introduced in the NN weights
to ensure large regions of parameter space are explored beyond the linear, low-dimensional manifold. Further,
given the physical structure surrounding the data-driven mixing closures, including the dimensional scale mul-
tipliers and derivation of I groups for input, expressive and non-linear ML architectures do not appear necessary
for learning the optimal mapping. The success of simple nondimensional functions may also be a consequence of
simplifications made in the setup. A limitation of the training data is the use of steady large-scale forcings and
LES-prescribed radiation tendencies. These preclude the simulation of high-frequency climate variability, such as
the diurnal cycle of precipitation and clouds, which is more sensitive to details of entrainment (Del Genio &
Wu, 2010). Nonsteady forcings with interactive radiation and deep convection cases may be needed to gain
predictive benefits from more expressive mixing closures. A final contributing factor, discussed in Section 3.4 , is
the presence of remaining structural errors in the EDMF formulation itself, which may not be rectified through
modifying the cloud mixing process.
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Figure 2. Root mean squared error (rmse) by variable for (left) training set from AMIP experiment and (right) validation set
with five cases from the AMIP4K experiment. Shaded regions indicate min/max rmse across ensemble members for a given
iteration, demonstrating ensemble spread. Dashed horizontal lines indicate baseline simulations from the EDMF-20 version
described in Cohen et al. (2020). A summary of rmse comparisons can be found in Appendix B.
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3.2. Generalization Performance in AMIP4K Climates

The full library of LES simulations is divided into a training and validation set on the basis of the forcing climate;
the hybrid EDMF is calibrated on 176 present-day AMIP simulations and performance is evaluated on simula-
tions from a warmer AMIP4K climate. The AMIP4K climate contains out-of-distribution large-scale forcings and
surface heat fluxes. Five AMIP4K cases are chosen to track extrapolation performance through the calibration
process, illustrated in the right column of Figure 2. For the chosen AMIP4K validation set, consequential per-
formance improvements diminish after ~ 1 epoch, consistent with the training rmse. Validation rmse is noted to
roughly track training rmse, with rmse for cloud-related variables g, and LWP containing larger extrapolation
errors of 2.54 x 107 kg-kg™! and 5.84 x 10~* kg-m™2 for EDMF-Linreg, respectively. Nevertheless, it is
found that the validation set does not enter the overfitting regime, which is characterized by a u-shaped validation
curve.

Robust extrapolation performance is noted in data space as well, where key features learned in training are
persistent in a simulated warmer climate. Figure 3 depicts a sampling of profiles from the AMIP4K climate across
climate models, seasons, location, and cloud regimes. Optimal parameters are chosen from the ensemble member
nearest to the ensemble mean at the end of the final training epoch, as the mean itself is not directly evaluated. For
a given cfSite, the AMIP4K LES simulations feature changes in boundary layer depth, cloud water content, cloud
depth, and vertical fluxes in response to larger surface heat fluxes and changes in local forgings due to large-scale
circulation responses. Given these changes, we find hybrid EDMF simulations, trained in a cooler climate,
capture these characteristics well. EDMF-20 is noted to have a large bias in §, near the cloud top, particularly for
cumulus and transition cases. Remaining biases observed in these profiles are detailed in Section 3.4.

3.3. Learned Entrainment and Detrainment Profiles

This section turns to the assessment of learned entrainment profiles following the calibration procedure outlined
above. To reiterate, the precalibration data-driven cloud mixing priors are initialized with random numbers, and
closure learning is indirectly guided by the time-mean profiles alone. Focus is placed on cumulus cases, where
cloud mixing is most relevant for determining the formation and behavior of clouds reliant on updraft dynamics.
Figure 4 illustrates time-mean vertical profiles of the IT groups (left), nondimensional entrainment rates (middle),
and total entrainment rates (right). Nonzero liquid water specific humidity (q,) is shaded in gray to highlight the
cloud layer. The optimal parameters are chosen from the ensemble member nearest to the ensemble mean at the
end of the final training epoch, as in Figure 3. The first observation to emphasize is the realism of calibrated
simulations on the basis of nondimensional input groups (Figures 4a and 4d). Both EDMF-Linreg and EDMF-NN
exhibit canonical characteristics of shallow convection. Notably, updraft area (I13) begins to shrink considerably
above the cloud base due to net detrainment of mass into the environment. Near the cloud top, the updraft-
environment relative humidity difference (Il;) intensifies, where buoyant and saturated updrafts begin to
penetrate into the dry, stable inversion layer. Additionally, the sub-cloud boundary layer is dominated by mixing
from turbulent eddies, while the cloud layer is dominated by updraft dynamics, as indicated by the ratio of TKE to
vertical velocity squared (I1,).

The learned cloud mixing profiles themselves further demonstrate realistic and physically robust characteristics,
consistent with theory surrounding lateral cloud mixing for shallow convection. Several well-established qualities
of entrainment and detrainment in shallow convection include (de Rooy et al., 2013):

¢ A local maximum of entrainment where updrafts form;
e Net detrainment (E — D <0) through much of the cloud layer;
o Strong detrainment near the cloud top, in the vicinity of a capping inversion layer.

These are consistent with theoretical work and diagnostics of lateral mixing in LES (Savre, 2022).

These key characteristics are observed in lateral mixing profiles (Figures 4c and 4f) for both EDMF-Linreg and
EDMF-NN. Many SGS parameterizations feature distinct turbulent surface layer and mass-flux schemes, with the
latter typically prescribing a boundary condition closure for the cloud base mass flux. Consequently, this
configuration precludes both entrainment below the cloud base and strong entrainment at the cloud base. Because
the EDMF scheme employed for this study is unified, updrafts may be either saturated or dry, and extended from
the surface where they are generated by strong net entrainment. Coincident with near-surface updraft formation,
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Figure 3. AMIP4K, time-mean vertical profiles of liquid water specific humidity (g, left), total water specific humidity flux
(W, middle), and entropy flux (w's’, right) from hybrid EDMF models across a sampling of climate models, seasons,
geographic locations, and cloud regimes. Top row: stratocumulus case (cfSite17) in July forced with CNRM-CMS5; middle row:
transition case (cfSite6) in April forced with CNRM-CM6; bottom row: cumulus case (cfSite22) in July forced with HadGEM2-
A. Baseline simulations from Cohen et al. (2020) are plotted in gray dashed lines. Large-eddy simulation (LES) time-mean
profiles from Z. Shen et al. (2022) are plotted in black. Calibrated EDMF simulations using a linear regression-based mixing
closure (EDMF-Linreg) are depicted in red, while those with a NN-based mixing closure (EDMF-NN) are shown in blue. Light
blue shading indicates the 2¢ time variance, by level, from LES simulations.

large entrainment rates are observed in Figures 4c and 4f. Both closures accurately predict net detrainment above
the cloud base, where entrainment rates tend to small values and detrainment grows. Finally, a global maximum in
detrainment rate is observed near the cloud top.

Several core similarities and differences are discussed for the linear and NN-based entrainment closures on the
basis of nondimensional rates, or the components targeted with data-driven closures. The nondimensional
functions may be viewed as a multiplicative modulations of dimensional rates introduced in Equations 3a and 3b.
Deviations far from unity suggest that the dimensional mixing rate does not accurately capture dynamics
consistent with LES time-mean profiles. In contrast, nondimensional rates close to unity indicate that the
dimensional component effectively approximates cloud mixing without need for modification. Turning to the
nondimensional rates (Figures 4b and 4e), we note more consequential differences between the hybrid EDMF
schemes in the detrainment rates. Notably, EDMF-NN features a secondary maximum of detrainment near the
cloud base, around ~500 m above the surface. Such secondary local detrainment maxima are often observed in
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Figure 4. Time-mean vertical profiles of lateral mixing variables for cfSite22 with AMIP4K forcings, depicting shallow convection near Hawaii in July. (a, d):
Nondimensional IT groups, with liquid water specific humidity (4,) shaded in gray. (b, e): nondimensional entrainment and detrainment (data-driven model output).
(c, f): Total entrainment and detrainment rates.

LES-diagnosed detrainment rates (Romps, 2010). Generally larger detrainment rates are also observed for
EDMEF-NN through the cloud layer. Alternatively, EDMF-Linreg maintains a less variable nondimensional rate
with height, with slight enhancement in the updraft. Focusing on nondimensional entrainment, we find stronger
modulation of the dimensional scale than for detrainment. In particular, both closures demonstrate increasing
modulation of the dimensional scale with height in the upper cloud levels. This indicates the Aw/z dimensional
scale significantly underpredicts entrainment rates near the updraft top. The behavior driving this learned
enhancement may surround the physical mechanisms governing cessation of updrafts, where updraft area fraction
or mass flux tend to zero. Updrafts vanish by a combination of strong detrainment, which serves as a sink for area
fraction, and entrainment, which diminishes upward mass flux by both reducing updraft buoyancy and entraining
environmental parcels with negligible vertical momentum. Despite the two competing effects, studies point to
strong net detrainment at the cloud top, as alluded to previously, which is consistent with our simulations. In the
sub-cloud layer, the dimensional scale overpredicts entrainment, as indicated by nondimensional values less than
unity in both schemes.

The closed-form linear expression for entrainment following the full calibration is
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These are determined from the ensemble member nearest to the mean in the final training epoch. These functional
relationships may be used to understand the vertical structure of nondimensional mixing in the context of
Figure 4. In the sub-cloud surface layer, where a local entrainment maximum is observed (Figures 4c and 4f), the
linear model has strong contributions from II, as a consequence of large TKE. Above the surface layer, the
increase of nondimensional entrainment with height has large contributions from gradually decreasing area
fraction (T13) through the cloud layer and sharply increasing updraft-environment relative humidity difference
(T1;) near the cloud top (Figures 4a and 4d). The linear nondimensional detrainment rates demonstrate weaker
variation with height. The II groups themselves contain covariances, so variable importance cannot not be read
off explicitly from Equation 8 and 9. Because the full calibration is initialized with parameter means from
precalibration, differences in the final parameter values indicate sensitivity to number of training cases, partic-
ularly when going from 5 to 176 cases. We find the training data sensitivity to be parameter-dependent. The
entrainment weights for I1; and Iy, in particular, demonstrate the most sensitivity. For entrainment, the full
calibration modified the I1; weight by a factor of ~2 and the I1; weight by a factor of ~ 3. Alternatively, the
detrainment parameters for I; and the bias have little sensitivity beyond 5 cases, and are modified by <10% in the
full calibration. Remaining parameters exhibit intermediate sensitivities. In Appendix C, we provide a com-
parison of the final linear regression weights following each experiments, as well as precalibration uncertainty
estimates from the Calibrate, Emulate, Sample framework (Cleary et al., 2021).

3.4. Beyond Calibration: Addressing Structural Errors

Post-calibration, persisting discrepancies between the LES and EDMF may be attributed to three primary con-
tributions: the EKI optimizer, the inverse problem setup, and inherent biases in the underlying physical forward
model or data, in this case, the structure and assumptions of the EDMF scheme. The performance of the EKI
optimizer, as determined by its convergence, may be sensitive to EKI settings and hyperparameters. Among the
most consequential choices are the EKI artificial timestepper and the batch size. Sensitivity to constant artificial
timestep values in previous work (Lopez-Gomez et al., 2022) is addressed here by using a hyperparameter-free
adaptive timestep (DMC) that increases through the calibration process. For batching, we chose the largest batch
size feasible given computational limitations. It is found that batch sizes smaller than ~ 10 generate excessive
noise in the loss, preventing descent of the ensemble mean to lower values and convergence of the EKI algorithm.
Additional biases may persist as a result of the problem setup, such as the input variables selected for data-driven
closures and the choice of priors. In addition to addressing instabilities, the precalibration procedure reduces
sensitivities to the priors. Precalibration is initialized with large prior uncertainties over parameters with a
relatively large number of ensemble members (300), allowing broad exploration of the parameter space and
narrowing of the posterior on the basis of a small but representative data set. While these approaches curtail
EDMF-LES discrepancies and mitigate convergence to local minima, it is possible that more advanced strategies
are needed to initialize, pretrain, and calibrate the NN-based EDMF. Attempts to initiate the EDMF-NN cali-
brations directly with Xavier initialization (Glorot & Bengio, 2010) produced EKI calibrations that exhibited high
ensemble failure rates and minimal convergence of the loss function across a range of prior uncertainties.

Structural error denotes errors arising from the design of the EDMF scheme itself, including but not limited to the
formulation of other closures, boundary conditions, and assumptions made in deriving the EDMF equations. Such
limitations may not be corrected by calibration, but must be addressed by modifying the anatomy of the EDMF
scheme or adding structural error models within the governing EDMF equations. Relative to Lopez-Gomez
et al. (2022), this study addressed three structural errors by modifying the EDMF equations and boundary
conditions:

1. A strong warm bias near the surface, resulting from a TKE minimum in the bottom cell center, addressed by
implementing a bottom flux boundary condition for the TKE equation;

2. Calibrations with near-zero entrainment throughout the vertical profile, addressed by implementing a free
boundary condition on updraft area in the bottom cell center;

3. Divergence of area fraction to values close to one, addressed by choosing a dimensional scale for detrainment
that ensures area fraction gradually tends to zero when the mass flux gradient is negative.

These modifications led to both improved training and validation errors as well as more realistic cloud mixing
profiles following calibration.
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Figure 5. Ensemble spread of EDMF-Linreg for all loss function variables in (top) first iteration and (bottom) final iteration. Large-eddy simulation (LES) time-mean
profiles are plotted in black (Z. Shen et al., 2022), and each colored lines represents the evaluation from an ensemble member. Blue shading indicates the 20 observation
noise used by EKI, calculated from the pooled variance across levels in LES simulations.

Remaining structural errors primarily involve biases in the depth of the mixed layer and cloud top g; maxima.
First, we note an underestimation of capping stratocumulus clouds in stratocumulus-topped cumulus forcing
regimes, as demonstrated by g, profiles in Figures 3d and 5h. While relatively low g, errors are observed for layers
composed of cumulus clouds in these regimes, below roughly 1,000 m in Figure 3d and 800 m in Figure 5h, the
grid-mean g, is biased systematically low at cloud tops. Transition cases demonstrating this bias contain saturated
updrafts in the cloud layer, but fail to saturate the environment at the level stratocumulus clouds are observed in
LES simulations. Because stratocumulus dynamics are dominated by environmental mixing, rather than updraft
dynamics, this likely indicates a bias in the TKE equations or other environmental factors. This hypothesis is
further supported by the initial spread of g, profiles across ensemble members in data space, illustrated in
Figure 5b. The initial iteration contains sizable spread in parameter values, consistent with the prior, and is
indicative of the data space subsequent iterations will explore. Characteristics, such as capping stratocumulus
clouds, not loosely demonstrated by ensemble members during the initial iterations are unlikely to be developed
in later iterations, implying a systematic bias in the model or prior means that are far removed from the optimal
solution for a given case. We found the bias to be persistent across many calibration in offline experiments
varying the precalibration set and EKI settings. The bias is further demonstrated by systematic collapse of en-
sembles in the final iteration far beyond the envelope of observation noise (Figure 5h). Cloud top maxima of g, are
also observed for LES simulations of pure shallow convection, but these features may be an artifact of micro-
physics in LES simulations. Anvil-like structures in the LES shallow convection cases are coincident with vertical
maxima of cloud fraction, and may not be desirable to fit to.

Second, we note a bias in mixed layer depth for some cases, resulting in biases across variables near the cloud top.
This is evident in the shallow cumulus case illustrated in Figure 3, where the mixed layer becomes ~ 100 m too
deep, as evidenced by the vertical fluxes in panels h, i. As a consequence, the cloud also develops too deeply
(Figure 3g). While most cases capture the depth of the mixed layer with high fidelity, cases with the most
prominent bias in cloud top stratocumulus structures tend to coincide with a bias in the mixed layer depth.
Remaining structural errors may be rectified in future work by replacing additional closures with data-driven
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models or learning structural error models as additional additive terms that modify EDMF tendency equations
(Wu et al., 2023). With the latter strategy, care must be taken to ensure conservation of mass, momentum, and
energy. Given biases in the depth of the mixed layer and cloud top stratocumulus structures in transition cases, we
believe adding data-driven closures or error models to the TKE equation would help address these issues.

4. Concluding Remarks

In this study, our aim was to develop realistic hybrid SGS models that combine generalizability with interpret-
ability, targeting the challenging Pacific stratocumulus-to-cumulus transition—a region notorious for being
particularly error-prone in state-of-the-art climate models. The primary contribution of this paper is the
demonstration of online learning of a 1D hybrid model in realistic climate settings, a step needed to eventually
apply such methods in operational GCMs. Application in realistic setups may require pretraining more expressive
data-driven components (NNs) to obtain sensible priors, failure handling mechanisms to address numerically
unstable simulations in the training process, and procedures or guidelines for identifying remaining structural
biases. Development of hybrid models benefits from a bidirectional workflow, where online learning is infor-
mative about where structural model biases might lie, and calibrations of data-driven components help improve
the predictive power of hybrid models. Finally, and critical in the development of hybrid SGS models, is the
assessment of physical validity alongside predictive power. Success of the hybrid EDMF is particularly evident in
the realism of cloud mixing closures, which were learned indirectly from extensive LES data with no direct prior
information about entrainment and detrainment. The learned closures align closely with existing theoretical
understanding and LES-diagnosed characteristics of lateral cloud mixing as it relates to convective and cloud
dynamics, reinforcing the model's scientific validity. Furthermore, our results highlight the hybrid model's pre-
dictive power, with substantial improvements over a baseline EDMF tuned to match field campaigns. We observe
that performance improvements translate to an out-of-distribution AMIP4K climate, as assessed by rmse and
qualitative analysis of physical profiles. This generalizability is crucial for the model's application to prediction of
future climate scenarios in GCMs.

The online learning approach for hybrid modeling presents several advantages over offline, fully data driven
alternatives. The EKI framework allows for indirectly training SGS model components on the basis of observable
statistics or quantities appropriate for long-term climate model projections. While the study focused on high-
resolution simulations for training, this may be extended to include sparse observations in the loss function.
Numerical instabilities resulting from unstable parameter combinations are directly addressed in the training
process, reducing the likelihood of instabilities when the parameterization is incorporated in operational GCMs.
Additionally, data-driven components of a hybrid model can be more easily isolated and reasoned about, giving
stronger confidence in out-of-distribution predictions of future climate states and promoting physical process
understanding.

Despite these promising developments, there are remaining avenues for improving the hybrid EDMF scheme. The
paper highlights that the reliance on steady large-scale forcings and prescribed radiation tendencies in the training
data limits the ability to learn phenomena important for capturing high-frequency climate variability, such as the
diurnal cycle. Additional data sets of high-resolution simulations, such as those introduced by Chammas
et al. (2023) and Yu et al. (2024), would likely improve performance over a broader range of forcings and at-
mospheric regimes. Additionally, some errors in the structure of the model persist after calibration, resulting in a
form of underfitting. Remaining structural errors may be remedied in future work by replacing additional closures
with expressive, data-driven components or learning structural error corrections as additional additive terms that
modify EDMF tendency equations. One avenue is to target closures in the environmental TKE equation, as the
data-driven lateral mixing closures presented here primarily affect updraft characteristics and mass flux. Because
our EDMF scheme uses a 1.5-order Mellor-Yamada turbulence closure, a natural target is the mixing length
function, which determines environmental turbulent diffusivity and viscosity (Mellor & Yamada, 1982). Future
work should focus on these aspects, in addition to more expansive training data sets, to ensure that the hybrid
modeling approach can be effectively applied in operational Earth system models.
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Appendix A: Hybrid EDMF Bottom Boundary Conditions
Al. Updraft Area

The inhomogeneous Dirichlet boundary condition on area in EDMF-20 is replaced by a free boundary condition,
where updraft area is generated directly by entrainment and detrainment source terms at the bottom boundary.
Because area is a prognostic variable in the EDMF equations, choices must be made about how the boundary
conditions are specified. The EDMF continuity equation for a single updraft reads

a(paupwup)

Ipay,) _
ot 0z

_Vh : (paup<uh>) - + paup(E - D) (Al)

where (u;,) is the average grid-scale horizontal velocity, V, is the horizontal divergence, ay, is the updraft area
fraction, W, is the updraft vertical velocity, p is the air density, and £ and D are entrainment and detrainment,

respectively.

The bottom area fraction was previously specified as an EDMF parameter ay, typically chosen as 0.1, which
remained fixed in all simulations (Cohen et al., 2020; Lopez-Gomez et al., 2022; Tan et al., 2018). The Dirichlet
boundary condition on area was defined as

pa(zy) = pay (A2)

where z is the height of the interior point adjacent to the bottom boundary. Removing the surface area parameter
and allowing for a free boundary condition permits the generation of surface-based updrafts directly from source
terms. The modification allows updrafts to be generated by net entrainment (E — D > 0) or grid-scale horizontal
convergence near the surface, and thus vary with environmental conditions.

A2. Turbulent Kinetic Energy

We substitute the TKE Dirichlet boundary condition in EDMF-20 by a flux boundary condition at the bottom
boundary. The Dirichlet boundary condition was formulated as

TKEep, (z0) = k5 u3 (A3)

where TKE,,, represents the environmental TKE, x, is the ratio of rms turbulent velocity to the friction velocity
(an EDMF parameter), u, is the friction velocity, and z is the height of the interior point adjacent to the boundary.

We replaced this formulation by a flux boundary condition on the TKE flux at the bottom boundary. To obtain the
flux boundary condition, the following simplifying assumptions are made:

1. The mixing length in the surface layer is limited by the distance to the boundary.

2. Storage and mean advection of TKE,,, are neglected. This is a good approximation in the surface layer, where
TKE is roughly constant.

3. Horizontal derivatives are small compared to the vertical derivatives close to the boundary (the boundary layer
approximation).

4. The velocity-pressure gradient correlation term can be neglected. This assumption is consistent with the
impenetrability condition for the subdomains and the closure for perturbation pressure in the EDMF model.

These approximations lead to the flux-gradient relation at the surface

T
Paen Wy TKE .,

. = paenv(l - CdeKi)ui ”up,im”’ (A4)
0

where a.,, is the environmental area fraction, u, i, is the near-surface velocity component parallel to the surface,
¢4 1s the turbulent dissipation coefficient, and c,, is the eddy viscosity coefficient (Lopez-Gomez et al., 2022). The
modification allows the surface TKE to vary more strongly with environmental conditions.
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Appendix B: RMSE Tables

Table B1
Table B1
Table of Root Mean Squared Errors for EDMF Variants
EDMF version—AMIP 5 qQ q wqy w's’ LWP
EDMF-NN 5.55 8.26e—06 1.29e—03 5.54e—06 2.54e—02 4.72e—05
EDMF-Linreg 5.10 7.25e—06 1.00e—03 4.45e—06 2.06e—02 3.14e—05
Cohen et al., 2020 5.43 4.13e—05 1.23e—03 7.12e—06 8.38e—02 1.79e—01

Note. Reported RMSE Values for EDMF-NN and EDMF-Linreg are the Ensemble-Averaged RMSE in the Final Iteration.

Table B2
Table B2
Root Mean Squared Errors for EDMF Variants on AMIP4K Validation Set
EDMF version—AMIP4K S q q w'q{ ws' LWP
EDMF-NN 4.84 2.54e—05 1.14e—03 4.37e—06 1.82e—02 5.73e—04
EDMF-Linreg 4.78 2.54e—05 1.06e—03 4.44e—06 1.88e—02 5.84e—04
Cohen et al., 2020 5.03 5.86e—05 1.16e—03 5.93e—06 7.93e—01 2.13e—01

Appendix C: Parameter Sensitivities

This analysis compares linear regression parameters for the 5-case precalibration (precal) and 176-case full
calibration (full cal), including precalibration uncertainty estimates using the Calibrate, Emulate, Sample (CES)
framework (Cleary et al., 2021). The precal prior and posterior distributions help contextualize shifts in the final
weights between experiments. Figure C1 shows the precal prior and posterior distributions, coplotted with the
final parameter values for each experiment. The linear weights multiplying IT; are labeled C; for entrainment and
Cf for detrainment. The corresponding bias terms are labeled bias® and bias® for entrainment and detrainment,
respectively. We find the training data sensitivity to be parameter-dependent, as indicated by varying degrees of
modification to the final parameter values between experiments. In precalibration, the emulation step consists of
training Gaussian processes containing a radial basis function kernel on parameter-to-data pairs from the
ensemble. We train the emulator on the first iteration with a failure rate below 50% (iteration 4), and include
iterations 8 and 16 to better emulate regions of the parameter space where the ensemble is converging. The sample
step probes uncertainty via Markov Chain Monte Carlo (MCMC) sampling of the parameter space around the
precal final mean parameter values. We use 100,000 samples for MCMC, with the first 2,000 samples discarded
as burn-in to ensure the chain reaches equilibrium and mitigate the impact of initialization bias.
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Figure C1. Prior and posterior parameter uncertainty estimated by Calibrate, Emulate, Sample (Cleary et al., 2021) for the 5-case precalibration. Blue distributions
indicate the prior and red distributions indicate the posterior. Vertical lines mark final parameter values for the precalibration (precal) in solid red and the 176-case full
calibration (full cal) in dashed gray, determined by taking the ensemble member nearest to the ensemble mean in the final iteration. Entrainment parameters are in the left

column and detrainment parameters are in the right.
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packages. The EDMF single column model is TurbulenceConvection.jl v1.3.6, available at https://doi.org/10.
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