
1. Introduction
Scientific progress accelerates when it is possible to cycle rapidly through the knowledge discovery loop: design 
and conduct experiments, learn from the experiments, and design and conduct new experiments to test and 
refine models and hypotheses with the information obtained from them (National Academies of Sciences, Engi-
neering, and Medicine, 2022). In the computational sciences, experiments are conducted numerically, and the 
ability to cycle through the knowledge discovery loop has advanced hand-in-hand with the evolution of computer 
hardware. The atmospheric sciences represent a prime example of advances in computer hardware enabling 
and accelerating scientific progress. The first experiments with two-dimensional atmosphere models (Charney 
et al., 1950) and, soon thereafter, with quasigeostrophic two-layer models (Phillips, 1954, 1956) only allowed 
simulations that were slower than or comparable with the real-time evolution of the atmosphere. The first experi-
ments using general circulation models similarly pushed the envelope of what was computationally feasible at the 
time (Manabe et al., 1965; Smagorinsky, 1963; Smagorinsky et al., 1965). Once such simulations of atmospheric 
flows, albeit at coarse resolution, became routine and rapidly executable, systematic exploration and experimen-
tation followed, enabling rapid progress in our understanding of the atmosphere's general circulation, from its 
dependence on planetary characteristics such as planetary radius and rotation rate (Williams, 1988a, 1988b), over 
the nature of atmospheric turbulence (Held, 1999; Held & Larichev, 1996; Rhines, 1975, 1979; Schneider, 2006; 
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Schneider & Walker, 2006), to elucidating the hydrologic cycle (Allen & Ingram, 2002; Chou & Neelin, 2004; 
Held & Soden, 2006; Manabe & Wetherald, 1975; O’Gorman & Schneider, 2008; Rind et al., 1992; Schneider 
et al., 2010). Similarly, our understanding of deep convective clouds advanced substantially once deep-convection 
resolving simulations in limited areas became routinely feasible (T. Cronin, 2014; T. W. Cronin et  al., 2015; 
Held et al., 1993; Tompkins & Craig, 1998; Wing et al., 2018). In contrast, our understanding of the dynam-
ics of low clouds is in its infancy. We do not have quantitative theories of their response to climate change 
(Bretherton,  2015), and shortcomings in their representation in climate models have long dominated uncer-
tainties in climate projections (Bony & Dufresne,  2005; Brient & Schneider,  2016; Brient et  al.,  2016; Cess 
et al., 1990, 1996; Dufresne & Bony, 2008; Vial et al., 2013; Webb et al., 2006, 2013; Zelinka et al., 2017). 
Numerical experiments have been limited to studies that have explored a few dozen canonical situations, 
mostly in the tropics (Blossey et al., 2013, 2016; Caldwell & Bretherton, 2009; Rauber et al., 2007; Sandu & 
Stevens, 2011; Schalkwijk et al., 2015; Siebesma et al., 2003; B. Stevens et al., 2005; Tan et al., 2016, 2017; 
Zhang et  al.,  2012,  2013). Broader exploration has been limited by the computational expense necessary to 
resolve the meter-scale dynamics of low clouds in large-eddy simulations (LES).

Here we take the next step in the co-evolution of science and computing hardware by demonstrating LES of low 
clouds on tensor processing units (TPUs). TPUs are application-specific integrated circuits, originally developed for 
machine learning applications, which are dominated by dense vector and matrix computations (Jouppi et al., 2017). 
The current TPU architecture integrates 4,096 chips into a so-called TPU Pod, which achieves 1.1 exaflops in aggre-
gate at half precision. TPUs are publicly available for cloud computing and can be leveraged for fluids simulations 
(Wang et al., 2022) and other scientific computing tasks (Belletti et al., 2019; Lu et al., 2020; Pederson et al., 2022), 
with remarkable computational throughput and scalability. Large, high-bandwidth memory and fast chip-to-chip 
interconnects (currently 1.1 PB/s) contribute to the performance of TPUs and alleviate bottlenecks that computa-
tional fluid dynamics (CFD) applications typically face on accelerator platforms (Balaji, 2021). However, the native 
half- or single-precision arithmetic of TPUs can also create challenges in CFD applications (Wang et al., 2022).

The objective of this study is to evaluate the throughput and scalability achievable on TPUs in simulations of 
subtropical stratocumulus clouds under conditions encountered during the Dynamics and Chemistry of Marine Stra-
tocumulus (DYCOMS) field study (B. Stevens et al., 2005). Stratocumulus clouds are a particularly good testbed 
for low-cloud simulations for two reasons: First, they are the most frequent cloud type on Earth, covering about 20% 
of tropical oceans, with an outsize impact on Earth's energy balance (Wood, 2012). Reductions or increases in the 
area they cover by a mere 4% can have an impact on Earth's surface temperature comparable to doubling or halving 
atmospheric carbon dioxide concentrations (Randall et al., 1984). Second, they are notoriously difficult to simulate, 
even in LES, because key processes responsible for their maintenance, such as turbulent entrainment of air across the 
often sharp temperature inversions at their tops, occur on scales of meters (Mellado, 2016). The resulting numerical 
challenges lead to large differences among various LES codes owing to differences in the numerical discretizations 
(B. Stevens et al., 2005; Pressel et al., 2017). For example, weighted essentially non-oscillatory (WENO) advection 
schemes at resolutions of O(10 m) lead to more faithful simulations—relative to field measurements—than centered 
difference advection schemes at resolutions of O(1 m) (Schneider et al., 2019, their Supporting Figure 3). These two 
reasons make progress in simulating subtropical stratocumulus both important and challenging.

This paper is structured as follows. Section  2 describes the governing equations, numerical methods, and 
TPU-specific implementation decisions in our LES code. Section 3 presents a dry buoyant bubble and a density 
current as validation examples of the code. Section 4 presents the DYCOMS simulations, including comparisons 
with field data and a scaling analysis of the simulations. Section 5 summarizes the conclusions and new opportu-
nities afforded by this TPU-enabled cloud-simulation capability.

2. Model Formulation, Numerics, and TPU Implementation
2.1. Governing Equations

Our LES simulates the anelastic equations for moist air, understood to be an ideal admixture of dry air, water vapor, 
and any condensed water that is suspended in and moves with the air. Precipitating condensate (e.g., rain and snow) 
is not considered part of the working fluid, and the suspended constituents of the moist air are taken to be in local 
thermodynamic equilibrium. By Gibbs' phase rule, then, a complete thermodynamic description of this system 
with two components (dry air and water) and three phases (water vapor, liquid water, ice) requires specification of 
two  thermodynamic variables, in addition to the density ρ and pressure p of the moist air. We choose the total water 
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specific humidity qt (total mass of water per unit mass of moist air) and liquid-
ice potential temperature θl (Tripoli & Cotton, 1981). This choice of thermody-
namic variables is advantageous because both the total specific humidity qt and 
(approximately) the liquid-ice potential temperature θl are materially conserved 
even in the presence of reversible phase transitions of water. The temperature T 
and specific humidities ql and qi of cloud liquid and ice can be computed from 
the other thermodynamic variables.

The anelastic approximation eliminates physically insignificant acoustic 
waves by linearizing the density ρ(x, y, z, t) = ρ0(z) + ρ′(x, y, z, t) and pres-
sure p(x, y, z, t) = p0(z) + p′(x, y, z, t) around a dry reference state with density 
ρ0(z) and hydrostatic pressure p0(z), which depend only on altitude z. Here, 
reference state variables are indicated by a subscript 0, and perturbation vari-
ables by primes. Perturbation variables are retained only where they affect 
accelerations. The reference density and pressure depend only on the vertical 
coordinate z and are in hydrostatic balance,

𝜕𝜕𝜕𝜕0(𝑧𝑧)

𝜕𝜕𝑧𝑧
= −𝜌𝜌0(𝑧𝑧)𝑔𝑔𝑔 (1)

For energetic consistency, the reference state needs to be adiabatic, that is, 
the reference potential temperature θ0 needs to be constant (Bannon, 1996; 
Pauluis, 2008). Therefore,

𝑇𝑇0 = 𝜃𝜃0

(

𝑝𝑝0

𝑝𝑝00

)𝑅𝑅𝑑𝑑∕𝑐𝑐𝑝𝑝𝑑𝑑

, (2)

𝑝𝑝0 = 𝑝𝑝00

(

1 −
𝑔𝑔𝑔𝑔

𝑐𝑐𝑝𝑝𝑝𝑝𝜃𝜃0

)𝑐𝑐𝑝𝑝𝑝𝑝∕𝑅𝑅𝑝𝑝

, (3)

𝜌𝜌0 =
𝑝𝑝0

𝑅𝑅𝑑𝑑𝑇𝑇0

. (4)

Table 1 summarizes the thermodynamic constants and other parameters used in the present study.

Thermodynamic consistency of the anelastic system requires that thermodynamic quantities are evaluated with 
the reference pressure p0(z) (Pauluis, 2008). Therefore, the liquid-ice potential temperature we use is

𝜃𝜃𝑙𝑙(𝑇𝑇 𝑇 𝑇𝑇𝑙𝑙𝑇 𝑇𝑇𝑖𝑖; 𝑝𝑝0) =
𝑇𝑇

Π

(

1 −
𝐿𝐿𝑣𝑣𝑇0𝑇𝑇𝑙𝑙 + 𝐿𝐿𝑠𝑠𝑇0𝑇𝑇𝑖𝑖

𝑐𝑐𝑝𝑝𝑝𝑝𝑇𝑇

)

𝑇 (5)

where

Π =

(

𝑝𝑝0(𝑧𝑧)

𝑝𝑝00

)𝑅𝑅𝑚𝑚∕𝑐𝑐𝑝𝑝𝑚𝑚

 (6)

is the Exner function, evaluated with the altitude-dependent reference pressure p0(z) and the constant pressure 
p00. We take water vapor and suspended cloud condensate into account in the gas “constant“ Rm  =  (1  −  qt)
Rd + (qt − qc)Rv (which is not constant because it depends on the total specific humidity qt and condensate specific 
humidity qc = ql + qi) and in the isobaric specific heat cpm = (1 − qt)cpd + (qt − qc)cpv + qlcl + qici.

With these definitions, the anelastic governing equations in conservation form are

∇ ⋅ (𝜌𝜌0𝐮𝐮) = 0, (7)

𝜕𝜕(𝜌𝜌0𝐮𝐮)

𝜕𝜕𝜕𝜕
+ ∇ ⋅ (𝜌𝜌0𝐮𝐮⊗ 𝐮𝐮) = −𝜌𝜌0∇

(

𝛼𝛼0𝑝𝑝
′
)

+ 𝜌𝜌0𝑏𝑏𝐤𝐤 − 𝑓𝑓𝐤𝐤 × 𝜌𝜌0(𝐮𝐮 − 𝐮𝐮𝑔𝑔) + ∇ ⋅ (𝜌𝜌0𝜎𝜎), (8)

𝜕𝜕(𝜌𝜌0𝜃𝜃𝑙𝑙)

𝜕𝜕𝜕𝜕
+ ∇ ⋅ (𝜌𝜌0𝐮𝐮𝜃𝜃𝑙𝑙) = −

1

𝑐𝑐𝑝𝑝𝑝𝑝Π
∇ ⋅ (𝜌𝜌0𝐅𝐅𝑅𝑅) + 𝜌𝜌0𝑤𝑤sub

𝜕𝜕𝜃𝜃𝑙𝑙

𝜕𝜕𝜕𝜕
+

1

Pr
∇ ⋅ (𝜌𝜌0𝜈𝜈𝜕𝜕∇𝜃𝜃𝑙𝑙), (9)

Symbol Name Value

p00 Constant reference pressure 1,000 hPa

θ0 Reference potential temperature 290 K

Rd Gas constant of dry air 287 J (kg K) −1

Rv Gas constant of water vapor 461.89 J (kg K) −1

cpd Isobaric specific heat capacity of dry air 1004.5 J (kg K) −1

cpv Isobaric specific heat capacity of water vapor 1859.5 J (kg K) −1

cl Specific heat capacity of liquid water 4181 J (kg K) −1

ci Specific heat capacity of ice 2100 J (kg K) −1

Lv,0 Specific latent heat of vapourization 2.47 MJ kg −1

Ls,0 Specific latent heat of sublimation 2.83 MJ kg −1

Tf Freezing point temperature 273.15 K

f Coriolis parameter 7.62 × 10 −5 s −1

g Gravitational acceleration 9.81 m s −2

cs Smagorinsky constant 0.18

Pr Turbulent Prandtl number 0.4

𝐴𝐴 Sc𝑞𝑞𝑡𝑡 Turbulent Schmidt number of water 0.4

Table 1 
Thermodynamic Constants and Other Parameters Used in This Study
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𝜕𝜕(𝜌𝜌0𝑞𝑞𝑡𝑡)

𝜕𝜕𝑡𝑡
+ ∇ ⋅ (𝜌𝜌0𝐮𝐮𝑞𝑞𝑡𝑡) = 𝜌𝜌0𝑤𝑤sub

𝜕𝜕𝑞𝑞𝑡𝑡

𝜕𝜕𝜕𝜕
+

1

Sc𝑞𝑞𝑡𝑡
∇ ⋅ (𝜌𝜌0𝜈𝜈𝑡𝑡∇𝑞𝑞𝑡𝑡). (10)

Here,

𝑏𝑏 = 𝑔𝑔
𝛼𝛼(𝜃𝜃𝑙𝑙, 𝑞𝑞𝑡𝑡, 𝑝𝑝0) − 𝛼𝛼0(𝑧𝑧)

𝛼𝛼0(𝑧𝑧)
 (11)

is the buoyancy, and α0 = 1/ρ0 and α = 1/ρ are specific volumes. The specific 
volume α(θl, qt, p0) is calculated from the approximate equation of state, 
again with the reference pressure p0 in place of the total pressure,

𝛼𝛼 =
𝑅𝑅𝑚𝑚𝑇𝑇

𝑝𝑝0
. 

Neglected in these equations is differential settling of condensate relative to 
the surrounding air and all precipitation processes. Table 2 lists the variables 
we use. The perturbation pressure p′ is obtained as solution to a Poisson equa-
tion, which follows by taking the divergence of the momentum equation. The 
numerical algorithm for solving Equations 7–10 is discussed in Section 2.4.

2.2. Saturation Adjustment

The temperature T and the partitioning of total water mass into the liquid 
phase (specific humidity ql) and ice phase (specific humidity qi) are obtained 
from θl, qt, and the reference pressure p0 by a saturation adjustment procedure 
(Tao et al., 1989). This amounts to solving

𝜃𝜃∗
𝑙𝑙
− 𝜃𝜃𝑙𝑙 = 0, (12)

where 𝐴𝐴 𝐴𝐴∗
𝑙𝑙
(𝑇𝑇 ; 𝑝𝑝0) = 𝐴𝐴𝑙𝑙

(

𝑇𝑇 𝑇 𝑇𝑇∗
𝑙𝑙
𝑇 𝑇𝑇∗

𝑖𝑖
; 𝑝𝑝0

)

 is the liquid-ice potential temperature at 
saturation, that is, with

𝑞𝑞∗
𝑙𝑙
= max

[

0, 𝑞𝑞𝑡𝑡 − 𝑞𝑞∗𝑣𝑣 (𝑇𝑇 , 𝑇𝑇0)
]

(𝑇𝑇 − 𝑇𝑇𝑓𝑓 ) (13)

and

𝑞𝑞∗𝑖𝑖 = max
[

0, 𝑞𝑞𝑡𝑡 − 𝑞𝑞∗𝑣𝑣 (𝑇𝑇 , 𝑇𝑇0)
]

(𝑇𝑇𝑓𝑓 − 𝑇𝑇 ). (14)

Here, 𝐴𝐴 𝐴𝐴∗𝑣𝑣 is the saturation specific humidity, calculated as in Sridhar et al. (2022), 𝐴𝐴  is the Heaviside step function, 
and Tf is the freezing point temperature. We solve the resulting nonlinear problem Equation 12 with the secant 
method. In the presence of mixed-phase clouds, the requirement of instantaneous thermodynamic equilibrium 
should be relaxed, for example, by replacing the Heaviside function in Equations 13 and 14 by a continuous phase 
partitioning function (e.g., Pressel et al., 2015; Tao et al., 1989), or by carrying separate prognostic variables for 
liquid and ice specific humidities. However, in the examples here we focus on warm clouds with only liquid.

2.3. Subgrid-Scale Models

We model subgrid-scale fluxes with the turbulent viscosity model of Lilly (1962) and Smagorinsky (1963). In 
this model, the turbulent viscosity is represented as

𝜈𝜈𝑡𝑡 = (𝑐𝑐𝑠𝑠Δ)
2
𝑓𝑓𝐵𝐵𝑆𝑆𝑆 (15)

where S = ‖S‖2 is the 2-norm of the strain rate tensor 𝐴𝐴 𝐒𝐒 = 0.5
[

∇𝐮𝐮 + (∇𝐮𝐮)
𝑇𝑇
]

 for the resolved velocities u; cs is the 
Smagorinsky constant (Table 1); and Δ = (ΔxΔyΔz) 1/3 is the geometric mean of the grid spacings in the three 
space directions. The buoyancy factor 0 ≤ fB ≤ 1 limits the mixing length in the vertical in the case of stable 
stratification; it is computed from the moist buoyancy frequency (Durran & Klemp, 1982) as described in Pressel 
et al.  (2017). The diffusivities of the liquid-ice potential temperature and total specific humidity are obtained 
from the turbulent viscosity νt by division by constant turbulent Prandtl and Schmidt numbers (Table 1).

Variable Definition Units

ρ Density of moist air kg m −3

α Specific volume of moist air m 3 kg −1

u Velocity of moist air m s −1

ug Prescribed geostrophic velocity m s −1

wsub Prescribed subsidence velocity m s −1

p Pressure Pa

b Buoyancy m s −2

k Vertical unit vector

T Temperature K

Rm Specific gas “constant” of moist air J kg −1 K −1

cpm Isobaric specific heat of moist air J kg −1 K −1

σ Subgrid-scale stress per unit mass m 2 s −2

FR Radiative energy flux W m kg −1

qt Total water specific humidity kg/kg

qv Water vapor specific humidity kg/kg

ql Liquid water specific humidity kg/kg

qi Ice specific humidity kg/kg

νt Turbulent viscosity m 2 s −1

z Altitude m

Table 2 
Definitions of Variables
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To emulate a radiation condition at the upper boundary, we include a sponge layer that occupies the top 5% of 
the domain and absorbs upward propagating waves. The sponge is implemented as a linear Rayleigh damping 
layer (Durran & Klemp, 1983), in which the horizontal velocity is relaxed toward the geostrophic wind velocity 
and the vertical velocity is relaxed to zero. To avoid reflections at the interface between the sponge layer and the 
undamped flow outside, we use a relaxation coefficient that ensures a gradual onset of the sponge layer (Klemp 
& Lilly, 1978), reaching 0.25 s −1 at the top of the domain.

2.4. Numerical Solution

We discretize the governing equations with the finite-difference method. All discrete operators are expressed on 
a collocated mesh. All diffusion terms are computed with a second-order central difference scheme. The advec-
tion terms in Equations 8–10 are discretized with the third-order QUICK (Quadratic Upstream Interpolation for 
Convective Kinematics) scheme. While the QUICK scheme is upwind-biased, it is not monotonicity preserving. 
This implies that in interaction with subgrid-scale diffusion, it can create spurious mixing in regions of sharp 
gradients, for example, at a sharp inversion topping a boundary layer, with potentially deleterious effects on the 
simulation of stratocumulus clouds (Bretherton et al., 1999; Pressel et al., 2017). As we will see, these effects are 
real but minor in our case. Alternatively, one may construct a monotone version of the QUICK scheme by apply-
ing flux limiters (Zalesak, 1979; D. E. Stevens & Bretherton, 1996). To test the effects of the advection scheme 
near the inversion, we also implemented a third-order WENO scheme, reconstructing the advective fluxes on cell 
faces and using a Lax-Friedrichs numerical flux, as in standard finite-volume methods.

An explicit iterative scheme (Wang et al., 2022) is employed for the time advancement of the numerical solutions. 
This scheme provides an iterative representation to the Crank-Nicolson method, which avoids the computational 
complexity of solving a high-dimensional linear system of equations. Specifically, the momentum Equation 8 is 
solved with a predictor-corrector approach. At the prediction step of sub-iteration k + 1, the momentum equation 
is solved in discrete form as

𝜌𝜌0𝐮𝐮 − (𝜌𝜌0𝐮𝐮)
𝑛𝑛

Δ𝑡𝑡
= −𝜌𝜌0∇

(

𝛼𝛼0𝑝𝑝
′𝑘𝑘
)

+ 𝐑𝐑
𝑛𝑛+

1

2 , (16)

with

𝐑𝐑
𝑛𝑛+

1

2 = −∇ ⋅

[

(𝜌𝜌0𝐮𝐮)
𝑛𝑛+

1

2 ⊗ 𝐮𝐮
𝑛𝑛+

1

2

]

+ ∇ ⋅

(

𝜌𝜌0𝜎𝜎
𝑛𝑛+

1

2

)

+ 𝜌𝜌0𝑏𝑏
𝑛𝑛+

1

2 𝐤𝐤 − 𝑓𝑓𝐤𝐤 × 𝜌𝜌0

(

𝐮𝐮
𝑛𝑛+

1

2 − 𝐮𝐮𝑔𝑔

)

, (17)

where 𝐴𝐴 (̂⋅) denotes a prediction of a variable at step n + 1 in sub-iteration k + 1; (⋅) k is the solution of a variable at 

step n + 1 obtained from sub-iteration k. Variables at state 𝐴𝐴 (⋅)
𝑛𝑛+

1

2 are estimated as 𝐴𝐴 (⋅)
𝑛𝑛+

1

2 =
[

(⋅)
𝑘𝑘
+ (⋅)

𝑛𝑛
]

∕2 . Note 
that the prediction of the momentum 𝐴𝐴 𝜌𝜌0𝐮𝐮 in sub-iteration k + 1 is evaluated with the pressure from the previous 
sub-iteration. The correct momentum 𝐴𝐴 (𝜌𝜌0𝐮𝐮)

𝑘𝑘+1 needs to be computed with the pressure at sub-iteration k + 1, 
which can be expressed similarly to Equation 16 as

(𝜌𝜌0𝐮𝐮)
𝑘𝑘+1

− (𝜌𝜌0𝐮𝐮)
𝑛𝑛

Δ𝑡𝑡
= −𝜌𝜌0∇

(

𝛼𝛼0𝑝𝑝
′𝑘𝑘+1

)

+ 𝐑𝐑
𝑛𝑛+

1

2 . (18)

Subtracting Equation 16 from Equation 18 yields

(𝜌𝜌0𝐮𝐮)
𝑘𝑘+1

− 𝜌𝜌0𝐮𝐮

Δ𝑡𝑡
= −𝜌𝜌0∇

(

𝛼𝛼0𝑝𝑝
′𝑘𝑘+1 − 𝛼𝛼0𝑝𝑝

′𝑘𝑘
)

= −𝜌𝜌0∇(𝛼𝛼0𝛿𝛿𝑝𝑝), (19)

where δp = p′ k+1 − p′ k is the pressure correction from sub-iteration k to k + 1.

Taking the divergence of Equation 19 and applying mass conservation at sub-iteration k + 1 leads to a generalized 
Poisson equation for the pressure correction:

∇2(𝛼𝛼0𝛿𝛿𝛿𝛿) =
𝛼𝛼0

Δ𝑡𝑡

[

∇ ⋅

(

𝜌𝜌0𝐮𝐮
)

− ∇ ⋅ (𝜌𝜌0𝐮𝐮)
𝑘𝑘+1

]

=
𝛼𝛼0

Δ𝑡𝑡
∇ ⋅

(

𝜌𝜌0𝐮𝐮
)

.
 (20)

To ensure numerical consistency and eliminate the checkerboard effect due to the collocated mesh representation, 
we introduce an additional correction term when solving Equation 20, which is described in Appendix A.
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We apply homogeneous Neumann boundary conditions on the pressure, assuming a vanishing correction of the 
mass flux: 𝐴𝐴 (𝜌𝜌0𝐮𝐮)

𝑘𝑘+1
− 𝜌𝜌0𝐮𝐮 = 0 . Solving the Poisson Equation 20 subject to the boundary conditions provides the 

pressure correction. We solve the Poisson equation iteratively with the weighted Jacobi method. The momentum 
and pressure at sub-iteration k + 1 are then updated as

(𝜌𝜌0𝐮𝐮)
𝑘𝑘+1

= 𝜌𝜌0𝐮𝐮 − Δ𝑡𝑡𝜌𝜌0∇(𝛼𝛼0𝛿𝛿𝛿𝛿), (21)

𝑝𝑝𝑘𝑘+1 = 𝑝𝑝𝑘𝑘 + 𝛿𝛿𝑝𝑝𝛿 (22)

The scalar transport equations are discretized with the same numerical scheme as the momentum equation in 
Equation 16. For a generic primitive scalar ϕ, the prediction of its value at step 𝐴𝐴 𝐴𝐴 +

3

2
 from sub-iteration k + 1 is 

represented as

(𝜌𝜌0𝜙𝜙)
𝑘𝑘+1

− (𝜌𝜌0𝜙𝜙)
𝑛𝑛+

1

2

Δ𝑡𝑡
= −∇ ⋅

[

(𝜌𝜌0𝒖𝒖)
𝑛𝑛+1

𝜙𝜙𝑛𝑛+1
]

+ ∇ ⋅

[

𝜌𝜌0
𝑛𝑛+1

𝜙𝜙
∇𝜙𝜙𝑛𝑛+1

]

+ 𝑆𝑆𝜙𝜙

(

𝜙𝜙𝑛𝑛+1, 𝒖𝒖𝑛𝑛+1
)

, (23)

where 𝐴𝐴 𝜙𝜙 and Sϕ are the diffusivity and multi-physics source term of ϕ, respectively. Note that the advancement 
of scalars is a half step ahead of the momentum, which is from step 𝐴𝐴 𝐴𝐴 +

1

2
 to 𝐴𝐴 𝐴𝐴 +

3

2
 . This staggered treatment in 

time advancement improves the convergence of the iterative time-integration scheme (Pierce, 2001). Specifically, 
terms on the right-hand side of Equation 23 are evaluated at step n + 1, where u n+1 = u k can be obtained from the 

latest prediction of the velocity at sub-iteration k, and 𝐴𝐴 𝐴𝐴𝑛𝑛+1 =

(

𝐴𝐴𝑘𝑘 + 𝐴𝐴
𝑛𝑛+

1

2

)

∕2 is interpolated linearly between its 

predicted value at sub-iteration k and the solution at the previous step 𝐴𝐴 𝐴𝐴 +
1

2
 .

We have verified that the numerical discretization exactly (to machine precision) conserves domain-integrals of 
scalars in the absence of non-conservative sources and sinks.

2.5. TPU Implementation

The discrete formulations are implemented in TensorFlow, to support execution on different computing architec-
tures and integration with machine learning approaches. In the present study, all computations are performed on 
TPUs; the host CPUs are used for data input and output only.

At the beginning of each simulation, the simulator code is compiled by the Accelerated Linear Algebra (XLA) 
compiler with the just-in-time (JIT) approach, which builds a TensorFlow graph. This approach reduces the 
computational cost at runtime significantly, which is particularly beneficial for simulations with repeated steps. 
The representations of the three-dimensional data structure and numerical operators are designed to optimize 
the performance within the TensorFlow programming paradigm (Wang et al., 2022). The graph is subsequently 
replicated onto each TPU for computation. The initial flow field data are distributed onto each TPU as input to 
the distributed graph.

On TPUs, the efficiency of partitioning is anisotropic along different spatial dimensions. This behavior results 
from the data structures that are designed for optimal computational efficiency. With this programming strategy, 
partitioning in different directions leads to different TensorFlow graph structures. As a result, partitioning along 
the first dimension of the allocated 3D tensors is more efficient than along the other two dimensions (Wang 
et al., 2022). We investigate the scaling of our simulation framework for different partitions in Section 4.2, with 
an assessment of implications for cloud simulations.

3. Validation Study
To validate the numerical scheme and model formulation, we consider two test cases that are widely used for 
validation and are relevant to the buoyancy-driven dynamics prevalent in the atmosphere. The first case is a 
density current consisting of a two-dimensional negatively buoyant dry bubble impinging on a surface (Straka 
et al., 1993); the second case is a rising buoyant bubble (Bryan & Fritsch, 2004).

3.1. Density Current

The density current configuration consists of an initial perturbation to a uniform potential temperature field. The 
initial perturbation's amplitude peaks at −15 K and has a horizontal radius of 4 km and a vertical radius of 2 km. 
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The two-dimensional domain is 51.2 km wide and 6.4 km high. As in Pressel et al. (2015), we use periodic hori-
zontal boundary conditions instead of the no-flux boundary conditions in Straka et al. (1993). This benchmark 
case has an added significance in stratocumulus simulations because the density current's perturbation amplitude 
is of the same magnitude as the jump in temperature observed across the entrainment interfacial layer at the 
cloud  top.

Figure 1 shows the potential temperature at t = 900 s for varying resolutions ranging from a homogeneous resolution 
of 200–10 m. A uniform kinematic viscosity of 10 m 2 s −1 is used to make the simulations comparable across the 
wide range of resolutions. Since the solutions are nearly horizontally symmetric about the center of the domain, only 
the right half of the bubble is shown. The flow exhibits Kelvin-Helmholtz instabilities that generate small scales.

The numerical solutions exhibit increasingly detailed small-scale features as the resolution is increased. Even at 
the coarsest resolution (200 m), the large-scale flow features are preserved, and there are no signs of spurious 

Figure 1. Contours of potential temperature [K] in the density current simulation at 900 s at mesh resolutions of 200, 100, 
50, and 10 m. Contours of potential temperature are shown at increments of 0.2 K.
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small-scale oscillations associated with numerical dispersion errors. These results suggest the robustness of the 
numerical scheme in capturing sharp gradients and turbulence, even at coarser resolutions.

3.2. Rising Bubble

The second test case is a rising dry bubble. The bubble is initialized as a perturbation to a uniform potential 
temperature field, following Bryan and Fritsch (2004), with a peak amplitude of 2 K. As in the first test case, we 
use periodic horizontal boundary conditions. The domain is 20 km wide and 10 km high.

Figure 2 shows the potential temperature at t = 1,000 s for varying homogeneous resolutions ranging from 200 to 
10 m. For this case, a uniform kinematic viscosity of 1 m 2 s −1 was found to be adequate to ensure the simulations 
are comparable across the different resolutions.

As in the density current case, there are no spurious oscillations even for the simulations with coarser resolutions. 
The numerical solution is essentially converged at 50 m. The vertical velocity contours are nearly unchanged from 
the finest resolution down to 100 m resolution. This observed stability is due in great part to the QUICK scheme 
used in the scalar and momentum advection. Although the QUICK scheme achieves only a second-order accurate 
approximation of the advective flux, the solutions seen in this case suggest a quality and fidelity of simulation 
comparable to that of the WENO schemes on staggered grids (Pressel et al., 2015).

4. DYCOMS Simulation
The first nocturnal research flight (RF01) of the Dynamics and Chemistry of Marine Stratocumulus (DYCOMS-II) 
field study (B. Stevens et al., 2003) serves as the testbed of our low-cloud simulations. Among the attractive char-
acteristics of this test case are the relative homogeneity of the environmental conditions, the absence of signifi-
cant drizzle, and the persistence of a stable cloud layer. The basic state for RF01 is idealized as a quasi-two-layer 
structure in potential temperature θl and total-water specific humidity qt (B. Stevens et al., 2005). Forcings include 
geostrophic winds, large-scale subsidence, a simple parameterization of longwave radiation, and surface fluxes 
of latent and sensible heat.

We set the initial liquid-ice potential temperature and the initial total specific humidity in the mixed layer to be 
θl = 289 K and qt = 9 g kg −1, respectively. This ensures that with our thermodynamics formulation and constants, we 
obtain a cloud layer between 600 and 840 m. The vertical domain extends to 1.5 km, with a no-slip, zero-flux lid at the 
top. The horizontal domain in the default case covers an area of (4 km) 2, with periodic horizontal boundary conditions.

The default simulation runs for 4 simulated hours on a grid of 128 × 128 × 256 points with a uniform horizontal 
grid spacing of 32 m and a uniform vertical grid spacing of 6 m. Although a vertical resolution of 5 m or less is 
often desirable to capture the sharp temperature gradient at the inversion above the cloud top without generating 
spurious entrainment (Mellado, 2016; Mellado et al., 2018; Pressel et al., 2017), our simulation did not change 
materially as we increased the vertical resolution to finer than 6 m. A physical time step of 0.3 s (Courant number 
0.3) is used in the default configuration.

4.1. Fidelity of Simulation

The mean vertical profiles and vertical velocity statistics closely match the observations from the research flight. 
Both the liquid potential temperature profile and the total-water specific humidity profile maintain their two-layer 
structure, with a well-mixed boundary layer below a cloud top (Figure 3). For comparison, we also show the 
vertical profiles for a simulation with a third-order WENO scheme with a Lax-Friedrichs numerical flux and for 
the simulation from Pressel et al. (2017) with an implicit LES using a nominally fifth-order WENO scheme on 
a staggered grid, a configuration that has been shown to perform well for stratocumulus simulations; in fact, this 
configuration at the resolution we use here performs favorably relative to simulations with oscillatory numerical 
schemes for the momentum equation on much higher-resolution (meter-scale) isotropic grids (Matheou, 2018; 
Mellado et al., 2018; Schneider et al., 2019). (The WENO scheme uses a fifth-order stencil for the flux reconstruc-
tion but is strictly only of second-order accuracy for nonlinear problems on a staggered grid (Mishra et al., 2021); 
hence, it is only nominally fifth order.) Comparison with the third- and nominally fifth-order WENO simulations 
shows a spurious mixing layer above the inversion in our simulation with the QUICK scheme; this is likely the 
result of the QUICK scheme not being monotone, leading to spurious mixing of oscillations by the subgrid-scale 
diffusion scheme at the sharp gradients near the inversion (Bretherton et al., 1999; Pressel et al., 2017). Except 
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Figure 2. Contours of potential temperature [K] (left) and vertical velocity [m s −1] (right) in the rising bubble simulation for 
mesh resolutions of 200, 100, 50, and 10 m. Contours of potential temperature and velocity are shown for increments of 0.2 K 
and 2 m s −1, respectively.
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for the differences near the inversion, however, the simulations with the QUICK scheme and with the third-order 
WENO scheme are similar in their ability to reproduce the mean-state profiles.

The turbulent structure in the boundary layer becomes evident in the variance and skewness profiles of the vertical 
velocity (Figure 4). The variance peaks near the cloud base, consistent with the research flight observations and turbu-
lence generation by latent heat release at that altitude. The skewness reveals preferential directions of turbulent vertical 
velocities. For example, positive vertical velocity skewness near the bottom is consistent with the presence of signifi-
cant heat fluxes at the sea surface, which drive convection. On the other hand, the negative skewness near the cloud top 
is consistent with the presence of downdrafts driven by radiative cooling. Like the variance, the skewness in our simula-
tions is consistent with the research flight observations. By contrast, most LES in the DYCOMS intercomparison study 
(B. Stevens, 2005) are unable to capture the negative skewness near the cloud top, likely because of excessive spurious 
mixing across the inversion. The vertical velocity statistics are an indication that our numerics with the QUICK advec-
tion scheme avoid the excessive generation of spurious mixing across the inversion at the cloud top, which occurs in 
many other LES. The fidelity of the vertical velocity statistics to observations is similar to that obtained with WENO 
schemes (Pressel et al., 2017). However, the third-order WENO scheme with the Lax-Friedrichs numerical flux under-
estimates the magnitude of the vertical velocity variance, likely as the result of the dissipative numerical flux.

Our simulation maintains more liquid water in the cloud (Figure 3) than most other LES in the DYCOMS inter-
comparison study (B. Stevens, 2005). LES often have difficulties maintaining a cloud layer with sufficient liquid 
water because of spurious numerical mixing of dry air across the inversion at the cloud top (Pressel et al., 2017), 
which warms and dries the cloud layer.

These results indicate a high fidelity of our LES to the observed flow statistics. Our LES does not suffer from 
the shortcomings in many LES that lead to spurious turbulent entrainment at the inversion and a decoupling 
boundary layer; it performs similarly well as implicit LES with WENO schemes (Pressel et al., 2017). Therefore, 
it can adequately capture low clouds and enable the investigation of the feedbacks that make low clouds such an 
important regulator of the strength of greenhouse warming.

Figure 3. Profile of mean state specific humidity and temperature in Dynamics and Chemistry of Marine Stratocumulus 
as observed (points), from our simulation averaged over the fourth hour using the QUICK scheme (red solid lines) and the 
third-order weighted essentially non-oscillatory (WENO) scheme (violet dash-dotted lines), and from an implicit large-eddy 
simulation (Pressel et al., 2017) using a nominally fifth-order WENO scheme (blue dashed lines).

Figure 4. Profile of the variance and skewness of the vertical velocity in Dynamics and Chemistry of Marine Stratocumulus 
as observed (points), from our simulation averaged over the fourth hour using the QUICK scheme (red solid lines) and the 
third-order weighted essentially non-oscillatory (WENO) scheme (violet dash-dotted lines), and from an implicit large-eddy 
simulation (Pressel et al., 2017) using a nominally fifth-order WENO scheme (blue dashed lines).
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4.2. Time to Solution and Scaling Analysis

The discretization schemes described above lend themselves to parallelization algorithms that are well suited for 
the TPU infrastructure. However, increased parallelism generally comes at the expense of greater communication 
between processors. As the communication overhead begins to dominate, the marginal benefit from increased 
parallelism diminishes. To assess the appropriateness of the TPU simulation framework for this class of prob-
lems, it is thus imperative to measure how well the simulation runtime scales with increased parallelism.

We examine the scalability of the solver using the DYCOMS case as a testbed. The method for doing so is to 
measure the mean turnaround time for a time step under different mesh configurations. For a fair comparison 
between different configurations, we keep the spatial resolution at Δx = Δy = 35 m and Δz = 6 m and the Courant 
number at approximately 0.3 for all cases. We find impressive scaling, notwithstanding that each simulation step 
involves the solution of an elliptic (globally nonlocal) problem for the dynamic pressure correction.

4.2.1. Weak Scaling

We demonstrate weak scalability by fixing the local grid size per processor and considering an ever-growing 
computational domain. We use Nk to denote the global grid size along dimension k, 𝐴𝐴 �̂�𝑁𝑘𝑘 to denote the local per 
processor subgrid size along dimension k, and Pk to denote the number of processors assigned to dimension k in 
the computational topology. For the first analysis, the computational domain per TPU core is fixed with a size of 

𝐴𝐴 �̂�𝑁𝑥𝑥 × �̂�𝑁𝑦𝑦 × �̂�𝑁𝑧𝑧 = 1024 × 36 × 1024 grid points, which is about the largest partition size that can fit in the TPU 
RAM considering the data requirements of this simulation. Table 3 shows that the turnaround time remains virtu-
ally unchanged as the number of TPU cores grows from 16 to 2048, corresponding to an increase in total number 
of grid points from 533M to 68.2B and in physical domain size from 36 km × 18 km to (286 km) 2.

We repeat this weak scaling analysis using a smaller partition size that is more commonly encountered in atmos-
pheric simulations. Table 4 demonstrates weak scalability when the computational domain per TPU core is fixed 
with a size of 𝐴𝐴 �̂�𝑁𝑥𝑥 × �̂�𝑁𝑦𝑦 × �̂�𝑁𝑧𝑧 = 128 × 10 × 256 . With about 10× speedup over real-time evolution (10 simulated 
days per day, SDPD) and a 35-m horizontal resolution, the largest physical domain attainable with 2048 TPU 
cores in this configuration is 34.7 km × 53.8 km. (Since we are using only a quarter TPU pod, the largest domain 
size attainable on a full TPU pod, with 8192 cores, would be 69.4 km × 107.4 km.)

Figure 5 shows the efficiency curves for these two cases, normalized relative to the smallest simulation. It is worth 
noting that in the weak scaling analysis with the large partitions, the two smallest simulations are in fact less effi-
cient than the larger ones. This may seem surprising at first, as efficiency normally decreases with the problem size. 
However, this behavior is most likely a consequence of saturating the partition memory, which leads to variations in 
memory bandwidth utilization, which seem to penalize the performance of smaller TPU configurations more severely. 
This behavior is not seen in the second weak scaling analysis, which uses a significantly smaller partition size.

Number of cores Grid size

SDPDPtot Px Py Pz Ntot Nx (Lx) Ny (Ly) Nz (Lz)

16 1 16 1 533M 1020 (35.7 km) 512 (17.9 km) 1020 (6.1 km) 0.19

32 1 32 1 1.1B 1020 (35.7 km) 1024 (35.8 km) 1020 (6.1 km) 0.19

64 2 32 1 2.1B 2040 (71.4 km) 1024 (35.8 km) 1020 (6.1 km) 0.20

128 2 64 1 4.3B 2040 (71.4 km) 2048 (71.7 km) 1020 (6.1 km) 0.20

256 4 64 1 8.5B 4080 (142.8 km) 2048 (71.7 km) 1020 (6.1 km) 0.20

512 4 128 1 17.1B 4080 (142.8 km) 4096 (143.4 km) 1020 (6.1 km) 0.20

1024 8 128 1 34.1B 8160 (285.6 km) 4096 (143.4 km) 1020 (6.1 km) 0.20

2048 8 256 1 68.2B 8160 (285.6 km) 8192 (286.7 km) 1020 (6.1 km) 0.19

Note. The grid dimensions indicated in the middle columns do not include ghost points. The last column shows the simulated 
time relative to real time in simulated days per day (SDPD).

Table 3 
Simulation Configurations for Weak Scalability Analysis Using Large Partitions of Size 1024 × 36 × 1024 Grid Points per 
Tensor Processing Unit Core
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4.2.2. Strong Scaling

We now consider how the solver scales when we increase parallelism for a fixed global problem size. Throughout 
this analysis, the vertical dimension has only a single partition with a total of 128 levels. The total number of 
grid points is fixed at 134M. Three cases are considered: (a) 2 partitions in the x direction, (b) 4 partitions in the 
x direction, and (c) 8 partitions in the x direction. In each of the three cases, we try multiple partitions in the y 
direction, starting with 16 and scaling all the way up to 128 partitions. As seen in Table 5, the analysis consists of 
increasing parallelism while proportionately reducing the workload per processor. Each subsequent row doubles 
the number of cores assigned to the y dimension while simultaneously halving the number of grid points per core 
along that dimension. The measured speedup relative to real time reaches a maximum of 14.08 in the config-
uration with 1024 cores and the smallest partition size. The speedup is illustrated in Figure 6. In all cases, the 
speedup curve shows clear evidence of linear (i.e., perfect) strong scaling.

4.3. Taking LES of Clouds to the Macroscale

To demonstrate the TPU framework's capabilities for simulating clouds on large scales, we simulated 4 hr of the 
DYCOMS conditions on a domain of size 285 × 285 × 2 km using a typical DYCOMS resolution of 35 m × 6 m. 
The simulation runs on a mesh of 32 billion grid points and requires a little less than 20 wallclock hours to simu-
late 4 hr on 1024 TPU cores (70.4 petaflops at single precision). It should be noted that this simulation used a 
modified DYCOMS RF01 configuration with a slightly different initial liquid-ice potential temperature, which 
leads to a thicker stratocumulus cloud. The cloud layer is visualized in Figure 7 at different scales. The visualiza-

Figure 5. Normalized efficiency with respect to the weak scaling analysis.

Number of cores Grid size

SDPDPtot Px Py Pz Ntot Nx (Lx) Ny (Ly) Nz (Lz)

16 1 16 1 3M 124 (4.3 km) 96 (3.4 km) 252 (1.5 km) 10.56

32 1 32 1 6M 124 (4.3 km) 192 (6.7 km) 252 (1.5 km) 10.27

64 2 32 1 12M 248 (8.7 km) 192 (6.7 km) 252 (1.5 km) 10.10

128 2 64 1 24M 248 (8.7 km) 384 (13.4 km) 252 (1.5 km) 10.03

256 4 64 1 48M 496 (17.4 km) 384 (13.4 km) 252 (1.5 km) 10.00

512 4 128 1 96M 496 (17.4 km) 768 (26.9 km) 252 (1.5 km) 10.00

1024 8 128 1 192M 992 (34.7 km) 768 (26.9 km) 252 (1.5 km) 10.03

2048 8 256 1 384M 992 (34.7 km) 1536 (53.8 km) 252 (1.5 km) 10.07

Table 4 
Weak Scalability Analysis With a More Typical Partition of Size 128 × 10 × 256 per Tensor Processing Unit Core
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tion reveals large spatial variability of cloud water fraction, with occasional 
open cells.

These simulations demonstrate that low-cloud resolving LES are possible in 
domains the size of a grid box in a typical coarse-resolution climate model, 
which has a footprint of around (100  km) 2. It enables three-dimensional 
LES to be embedded in climate model grid boxes, to provide high-fidelity 
representations of cloud dynamics locally in them.

5. Discussion and Conclusions
We have demonstrated that LES of low clouds are possible on TPUs and 
achieve unprecedented weak and strong scaling at high numerical fidelity. 
Our LES code with a QUICK advection scheme for momentum and tracers 
demonstrates a fidelity to aircraft observations that is comparable with that 
obtained with WENO schemes at the same resolution, exceeding the fidel-
ities achievable with oscillatory, numerical schemes, or combinations of 
oscillatory schemes for momentum and non-oscillatory schemes for trac-
ers (Pressel et al., 2017; Schneider et al., 2019). At the meter-scale resolu-
tions needed for resolving the computationally challenging stratocumulus 
clouds, we have shown that the code scales strongly and weakly up to 
1024 and 2048 TPU cores, respectively, corresponding to a computational 

throughput of 70.4 and 140.8 petaflops. This opens up the large compute resources with fast chip-to-chip 
interconnects available on TPUs for low-cloud LES. For example, it means that LES with horizontal reso-
lutions around 30 m and vertical resolutions around 5 m are achievable at 10 simulated days per wallclock 
day in domains the size of what is becoming a typical climate model grid column (25–50 km wide). Thus, 
it is possible to generate LES with an outer horizontal scale that is the same as the inner horizontal scale of 
climate models (Schneider et al., 2017).

Our LES code and the compute resources available on TPUs enable the generation of large libraries of low-cloud 
simulations (Shen et  al.,  2022). These can be used both for quantitatively studying mechanisms underlying 
low-cloud feedbacks to climate change (Bretherton, 2015) and as training data for parameterizations of low clouds 
for coarse-resolution climate models (Couvreux et al., 2021; Hourdin et al., 2021; Lopez-Gomez et al., 2022). 
The LES code described here is publicly available for this and similar purposes.

Number of cores Partition size

SDPDPtot Px Py Pz𝐴𝐴 �̂�𝑁𝑥𝑥 𝐴𝐴 �̂�𝑁𝑦𝑦 𝐴𝐴 �̂�𝑁𝑧𝑧 

32 2 16 1 512 64 128 0.83

64 2 32 1 512 32 128 1.68

128 2 64 1 512 16 128 3.97

256 2 128 1 512 8 128 7.71

64 4 16 1 256 64 128 1.19

128 4 32 1 256 32 128 2.34

256 4 64 1 256 16 128 5.62

512 4 128 1 256 8 128 10.99

128 8 16 1 128 64 128 1.45

256 8 32 1 128 32 128 3.27

512 8 64 1 128 16 128 7.19

1024 8 128 1 128 8 128 14.08

Table 5 
Partitions for Strong Scalability Analysis (Ntot = 134M)

Figure 6. Strong scaling for different partitions (as in Table 5).
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Appendix A: Numerically Consistent Poisson Equation on Collocated Grids
To eliminate the discrepancy between the numerical representation of the gradient and Laplacian opera-
tors in the Poisson Equation 20 (which has been shown to have a dissipative effect on kinetic energy (Ham & 
Iaccarino, 2004)), and to introduce coupling between nodes with odd and even indices, we add an additional 
correction term that takes the form of a fourth-order difference of the pressure correction δp on the right-hand 
side of Equation 20. Specifically, applying the discrete divergence operator to Equation 19 with the enforcement 
of mass conservation at sub-iteration k + 1, we have

∇ ⋅ ∇(𝛼𝛼0𝛿𝛿𝛿𝛿) =
𝛼𝛼0

Δ𝑡𝑡
∇ ⋅

(

𝜌𝜌0𝐮𝐮
)

. (A1)

Subtracting Equation A1 from Equation 20 results in a correction term that takes the form:

 =
(

∇2 − ∇ ⋅ ∇
)

(𝛼𝛼0𝛿𝛿𝛿𝛿).
 (A2)

In a discrete representation in which the divergence operator is expressed by the second-order central difference 
scheme,

∇(⋅) =
(⋅)𝑙𝑙+1 − (⋅)𝑙𝑙−1

2Δ𝑙𝑙

, (A3)

Figure 7. Volume rendering of the instantaneous cloud water specific humidity qc of a simulated stratocumulus cloud 
covering a horizontal (285 km) 2 footprint after 4 simulated hours. A modified Dynamics and Chemistry of Marine 
Stratocumulus RF01 configuration with a slightly different initial liquid-ice potential temperature was used. (left column) 
Oblique view and (right column) normal view. (top) Entire domain; (middle) closeup of a corner: (oblique) 26 km × 26 km 
and (normal) 52 km × 26 km; (bottom) further closeup of the same corner: (oblique) 13 km × 13 km, and (normal) 
26 km × 13 km.
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and the Laplacian operator is expressed as

∇2(⋅) =
(⋅)𝑙𝑙+1 − 2(⋅)𝑙𝑙 + (⋅)𝑙𝑙−1

Δ2

𝑙𝑙

, (A4)

the correction term in Equation A2 is computed numerically as

 = 1
2Δ�

[

∇(�0��))�+1 − (∇(�0��))�−1
]

− 1
Δ2

�

[

(�0��)�+1 − 2(�0��)� + (�0��)�−1
]

= 1
4Δ2

�

[

(�0��)�+2 − 2(�0��)� + (�0��)�−2
]

− 1
Δ2

�

[

(�0��)�+1 − 2(�0��)� + (�0��)�−1
]

= 1
4Δ2

�

[

(�0��)�+2 − 4(�0��)�+1 + 6(�0��)� − 4(�0��)�−1 + (�0��)�−2
]

.

 (A5)

To ensure Equation  20 is solved with numerical consistency, Equation  A5 is added to the divergence of the 
momentum on the right-hand side of the equation, which is:

∇2(𝛼𝛼0𝛿𝛿𝛿𝛿)
𝑘𝑘+1

=
𝛼𝛼0

Δ𝑡𝑡
∇ ⋅

(

𝜌𝜌0𝐮𝐮
)

− 
𝑘𝑘. (A6)

This ensures a numerically consistent treatment of the derivative operators and leads to coupling of nodes with 
even and odd indices.

It is worth noting that the explicit correction to the right-hand side of Equation 20 derived in Equation A5 can 
be equivalently expressed as a correction to the cell-face momentum. As such it resembles an existing approach 
that achieves a second-order accurate scheme on a collocated grid by introducing a correction to the cell-face 
momentum that is proportional to the pressure gradient (Morinishi et al., 1998). Despite the resemblance, there 
are fundamental differences between that approach and the one taken here. The correction in Equation A5 is a 
function of the previous sub-iteration pressure correction δp k and not the actual pressure field. Additionally, the 
functional form of the two corrections are markedly different: our cell-face momentum correction is proportional 
to the third-order difference of δp k, whereas the correction from Morinishi et al. (1998) is proportional to the 
first-order difference of the pressure field. From the standpoint of numerical stability, the former has the advan-
tage that the third derivative will be large if the pressure oscillates rapidly, which will trigger the correction and 
result in a smoother pressure field.

Data Availability Statement
The source code for all simulations described in this paper and used to produce the data displayed in the figures 
and tables is available at https://doi.org/10.5281/zenodo.7569544 (Wang et al., 2023) under the Apache License, 
Version 2.0.
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